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trix. Moreover, all constitutive equations (matrix, cores, shells) exhibit an hereditary behavior,
leading to an arbitrary temporal dispersion. While matrix and shell are considered linear, the
particles core shows an additional third-order nonlinearity. We develop an effective medium
theory, which allows us to calculate the linear and nonlinear response in terms of the mi-
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crostructure features. In particular, we can investigate the effects of the inter-phase on the
overall behavior, in combination with the randomness of the orientations and with the linear
and nonlinear hereditary phenomena. The results may find relevant applications in material
science and, more specifically, in nonlinear optics, bulk plasmonics and metamaterials.

© 2015 Elsevier Ltd. All rights reserved.

1. Introduction

The elaboration of effective medium theories and homogenization procedures, useful to calculate the overall properties of
heterogeneous materials, is an important topic with relevant applications in materials science and nano-technology. Indeed,
several techniques have been successfully developed to analyse the electric, magnetic, thermal and elastic response of composite
systems and complex structures (Milton, 2004; Torquato, 2002; Sahimi, 2003a; Sahimi, 2003b; Tartar, 2009; Kanaun & Levin,
2008a; Kanaun & Levin, 2008b; Sihvola, 1999).

From the historical point of view, Maxwell (1881) investigations represent the first analysis of the conductivity of a par-
ticulate systems composed of a dilute dispersion of spheres in a different matrix (see also the works of Maxwell-Garnett
(1904), van Beek (1967) and Meredith (1959)). At a later stage, the dispersions of ellipsoids were considered by Fricke
(1953) in order to model specific biological tissues. Furthermore, in order to study higher volume fractions of the dispersed
phase, the differential method (Bruggeman, 1935; Norris, 1985; Giordano, 2003; Markov, Levin, Mousatov, & Kazatchenko,
2012; Markov, Mousatov, Kazatchenko, & Markova, 2014) and the multipole technique (Giinther & Heinrich, 1965; Giordano,
2005a) have been introduced. Further developments have been elaborated by Myles, Peracchio, and Chiu (2014) and Myles,
Peracchio, and Chiu (2015). Also, efficient numerical methods combined with theoretical analyses have been used by Kanaun
(2010) and Kanaun (2011) to investigate the properties of heterogeneous structures. From the point of view of the
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mechanical homogenization theories, the classical starting point is the Eshelby (1957) property describing the elastic fields gener-
ated by an ellipsoidal inhomogeneity. This result has been largely used to obtain the elastic properties of particulate composites
(Giordano, 2005b; Kachanov & Sevostianov, 2005), multi-grained materials (Kroner, 1978; Giordano, 2007) and multi-cracked
systems (Kachanov, 1994; Giordano & Colombo, 2007; Kanaun & Levin, 2009; Kanaun & Markov, 2014).

An interesting approach, based on the equivalent inclusion method, i.e. on the original Eshelby (1957) idea, has been devel-
oped in the framework of the steady-state thermal conduction (Hatta & Taya, 1985; Hatta & Taya, 1986a; Hatta & Taya, 1986b).
Moreover, the physical characterization of several complex materials has been performed by means of the so-called depolariza-
tion tensor (Weiglhofer, Lakhtakia, & Michel, 1997; Lakhtakia & Weiglhofer, 2000; Mackay, 2011), which represents the analogous
of the Eshelby tensor, applied to the electromagnetic or transport properties. More recently, a fully anisotropic analysis has been
conducted for ellipsoidal particles (Giordano & Palla, 2008) and for parallel or random dispersions of cracks in conductive systems
(Giordano & Palla, 2012). Also, anisotropic multi-layered systems have been thoroughly analysed through the homogenization
methodology and several analytical exact results have been found for the magneto-electro-elastic coupling (Kim, 2011; Giordano,
2014; Giordano et al., 2014).

The nonlinear case has been largely analysed since it concerns properties of great importance for describing real situations.
Indeed, such investigations find relevant applications in nonlinear optics (Mills, 1991; Goncharenko, Popelnukh, & Venger, 2002;
Goncharenko, 2004; Goncharenko, 2007; Boyd, 2008), in the intrinsic optical bistability (Bergman, Levy, & Stroud, 1994; Pinchuk,
2003), in the second and third harmonic generation (Hui, Cheung, & Stroud, 1998), in the recently developed nonlinear plas-
monics (Kauranen & Zayats, 2012; Furtado & Gémez-Malagon, 2014) and in metamaterials (Lapine, Shadrivov, & Kivshar, 2014).
Homogenization techniques have been therefore proposed for populations of nonlinear particles embedded in a linear matrix
(Lakhtakia & Weiglhofer, 2000; Giordano & Rocchia, 2005; Giordano & Rocchia, 2006). The mechanical characterization of non-
linear nanocomposites has been considered as well, see e.g. the works by Colombo and Giordano (2011), by Guerder, Giordano,
Bou Matar, and Vasseur (2015) and references therein.

A crucial point that should be carefully considered in any effective medium theory concerns the presence of imperfect
interfaces between the constituents of composite materials. Indeed, in many real cases of technological interest (especially
at the nanoscale), the specific properties of real interfaces play a important role in determining the effective transport prop-
erties, being e.g. at the origin of the scale effects. In related literature two interface models have been proposed and largely
used for describing two different limiting situations. The first zero thickness model is called low conducting interface and it is
based on the so-called Kapitza (1964) resistance. Conversely, the second model, called high conducting interface, concerns the
case of an interphase of very high conductivity with vanishing thickness. Several investigations have been devoted to under-
stand the response of heterogeneous materials with low conducting interfaces (Benveniste & Miloh, 1986; Benveniste, 1987;
Hasselman & Johnson, 1987; Torquato & Rintoul, 1995; Lipton & Vernescu, 1996; Nan, Birringer, Clarke, & Gleiter, 1997;
Hashin, 2001; Duan & Karihaloo, 2007; Le Quang, He, & Bonnet, 2011; Le Quang, Pham, Bonnet, & He, 2013) or with high conduct-
ing interfaces (Torquato & Rintoul, 1995; Duan & Karihaloo, 2007; Le Quang, Bonnet, & He, 2010; Le Quang et al., 2013; Lipton,
1997; Miloh & Benveniste, 1999). Recent results concern the integration of the low and high interface paradigms in more general
models based on the T and IT lattice structures (Pavanello, Manca, Palla, & Giordano, 2012; Pavanello & Giordano, 2013), theories
for composites with curvilinearly anisotropic coated inclusions (Benveniste, 2013), the prediction of transport behaviors in ag-
gregates with soft interfacial layers (Xu, Chen, Chen, & Jiang, 2014) and the interphase description within the two-temperature
model (Giordano & Manca, 2014).

In this work we develop an homogenization theory able to combine three specific aspects, separately considered in several
of the above discussed investigations, namely: (i) the randomness of the orientations in a population of ellipsoidal particles
embedded in a given matrix; (ii) the presence of a coating (or finite-thickness inter-phase or shell) between the core of
each particle and the matrix (it can model all the intermediate cases between the low and the high conducting interface
models); (iii) the specific constitutive equations of matrix, shells and cores, exhibiting an hereditary behavior leading to
an arbitrary temporal dispersion; while matrix and shell are considered linear, the particles core shows an additional
third-order nonlinearity. The entire development is presented for the dielectric behavior of the involved materials (described
by their permittivities and nonlinear susceptibilities). However, it is well known that the solutions can be used to describe
similar situations concerning the magnetic behavior of the composite material and the transport properties
(diffusion, electric and thermal conduction), as well.

2. Problem statement

In this Section we introduce the structure analysed in this paper and, in particular, the constitutive equations adopted to
describe the involved materials. The geometry is represented in Fig. 1, where one can find a dispersion of randomly oriented
coated particles. The coated assemblage is characterized by two confocal ellipsoids, hence generating an internal core and a dif-
ferent external shell for each particle. Then, all particles are embedded in a third material, the matrix of the composite structure.
This heterogeneous microstructure, as discussed in the Introduction, is largely used in material science and, more specifically, in
nonlinear optics, bulk plasmonics and metamaterials. In the following, we define the constitutive equations of the three phases.

In particular, we will consider matrix and shell described by a linear isotropic response which includes a temporal dispersion,
as follows
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Fig. 1. Dispersion of randomly oriented composite particles embedded in a different homogeneous matrix.
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where g(7) is a known function representing the hereditary effects between the electric field and the electric displacement
vectors (Landau, Pitaevskii, & Lifshitz, 1984; Boyd, 2008). If we are interested in the sinusoidal steady state described by
monochromatic fields, we impose E ( X, t) = me{)_;:( X, w)ei®t}, where E( X, w) is the phasor vector corresponding to the fre-

quency w. Accordingly, we will have a displacement vector given by the similar expression B (x.t)= me{B( X, w)e“t}, The
two field and displacement phasors are therefore connected through the important relationship

B(%.0) = £@)E (%, ). @)

where & (w) represents the (causal or one-sided) Fourier transform of g(t)

400 .
(w) = /0 g(z)e- o dr. 3)

This form of constitutive equation will be adopted for the shell and the matrix. It means that they will be described by the
complex valued permittivities &, (w) and &; (w), respectively (corresponding to different hereditary kernels g,(7) and g;(7)).

Concerning the core of the particles, we will adopt again an isotropic response with temporal dispersion but we introduce a
further nonlinear behavior (Kerr-like), as follows

N N +00 N - +o00 +00 N N - N
Dc(X,f)=/0 f(f)Ec(x,t—f)err/O /0 9 (1. 72) || Fe( Xt — 7)|2Ee( X.t — )dT1d1,5. (4)

where f(t) describes a linear hereditary term, as previously discussed, and (77, 7o) represents the most general isotropic
nonlinear response, expanded up to the third order in the electric field. Since we are interested in an isotropic response,
the second order term of nonlinearity has been omitted. Moreover, always for the isotropy hypothesis, the hereditary

mechanism is based on two time lags 7y and 15, related to || EC( X.t— ‘(1)||2 and EC( X.t— T,), respectively. The complete
response described by Eq. (4) is very complicated and, in particular, characterizes the third harmonic generation, creating
a complex spectrum for the involved fields. However, we are here interested in the sinusoidal steady state at frequency

w. Therefore, we can consider an electric field EC( X, t) = me{EC( X, )ei®} as input of Eq. (4). Accordingly, we may determine
the exact response for the electric displacement. In this result, we retain all terms at frequency w and we neglect the others.

After a very long but straightforward calculation, we can prove that the phasor of the electric displacement BC( X, w) at fre-
quency w can be written as

S R 1. 5> SE 5
De( . ) = £3(@) Ec( X. @) + 57(0.0)| Ee( %.0) - Ec(.0) |Ee( %.0)
1. S AN S
+ZX(2‘”’ w)[Ec( X, @) - Ec( x,w)]Ec( X, w), (5)
where
+00 i
&3(w) = f(r)e™tdr, (6)
0
similarly to Eq. (3), and

+oo  ptoo i
X (@1, ) = f / D (11, .Ez)e—l(wnﬁwzrz)dt]d-[z (7)
0 0
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is the two-dimensional Fourier transform of the function ¥ (7, 7). We remark that Eq. (5) is not mathematically equivalent to
Eq. (4) since it only represents the behavior of the first harmonic at frequency w. The presence of the couple of the third order

terms [EC( X, ) - EC( X, w)]EC( X, w) and [EC( X, w) - EC( X, w)]EC( X, w) is a classical result for hereditary nonlinear consti-
tutive equations, well known in nonlinear optics (Landau et al,, 1984; Mills, 1991; Boyd, 2008). Therefore, in terms of phasors,

we have a nonlinear relation between EC( X, w) and BC( X, w) that can be summed up through an electric field dependent
permittivity tensor defined by

R , I C U B C N S
83.t0t(a)):83((1))"’_5)(1(&))5(‘(X7a))'Ec(X?a))I+ZX2(a))Ec(x’a))®EC(X7a))’ (8)

where, for convenience, we introduced xi(w) = x (0, w) and x,(w) = x 2w, w), representing two frequency-dependent non-

linear susceptibilities. In Eq. (8) we used the tensor product of vectors defined as follows: if € =X ® E then we have
T;'j = A,B]

A particular case, important for many practical applications, concerns the situation where the two time lags 7; and 1, are
coincident in Eq. (4). It means that the ¥ (7, 73) = (71 — 72)A(77) and Eq. (4) assumes the simplified form

— — +oo — —
Dc( x,t) = ; f(OE( x,t —1)dT

—

+00 - 9> >
[ MO I B = DIPE(R - . (@)

It is not difficult to prove that, in this case, we have x (0, w) = x (2w, w) or, equivalently, x1(w) = x2(w). Hence, we can write
the frequency-dependent permittivity tensor as follows

N . . 1> = U S 5
83.mr(w)=83(w)+xl(w)[25c(x,w)~EC(x,w)1+4Ec(x,w)®Ec(x,w)], (10)

where a single susceptibility x;(w) is able to describe the whole response at frequency w.

It is interesting to observe that, although the dispersion behavior of the particle cores is isotropic, the equivalent permittivity
tensor in the frequency domain is effectively anisotropic, with the general form given in Eq. (8). This point explains why we will
consider an anisotropic core in the first part of the present paper.

3. The coated ellipsoid geometry

We consider here a single coated ellipsoidal particle composed of core and shell embedded in a matrix (see Fig. 2 for details).
To begin, we suppose that the three materials are linear without temporal dispersion and we assume an arbitrary anisotropy
for the core (with permittivity tensor £3), while shell and matrix are considered isotropic (with scalar permittivity ¢, and &1,
respectively). The ellipsoidal interfaces are supposed to be confocal, so that we can write the equation

Y iE=" (1)

where & = 0 corresponds to the interface between shell and matrix and & = &; < 0 corresponds to the interface between core
and shell. Therefore, in Eq. (11) the points with £ > 0 are external to the particle and those with & < 0 belong to the particle

itself. The lengths as ; represent the semiaxes of the external shell interface and a.; = /aszl. + &, the semiaxes of the core inter-

face. For the sake of definiteness, we can impose 0 < a53 < 55 < @1 < +00, so that we have the natural limitation & > —a523.
We suppose now to apply a uniform electric field Eo (arbitrarily oriented in the space) to the structure above described. It
means that Eo is the electric field pre-existing before the introduction of the particle into the linear isotropic and

homogeneous space &;. We are interested in determining the perturbation of the electric potential induced by the coated

matrix %

shell

\ )
core

£=0 (‘(LX(‘,S 1, A2, A3)

Tl

1:3 5 = & (axes el G2, a(‘fﬁ)

Fig. 2. Confocal structure corresponding to the composite particle composed of a core and a shell embedded in an external matrix.
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particle. We suppose that the perturbed electric field in each region of our structure (core, shell and matrix) can be represented
by the following expressions

¢C=C X, (12)
=S -X+T F(x). (13)
dm=—Fo X+0Q-F (%), (14)

where E E 7_: and Q are vectors to be determined by imposing the pertinent boundary conditions (see below for details). More-
over, the function 1? ( x ) is defined through its components as

[F(}’)]k:xkfmm)(%H), (15)

where we used the following definition

3

R =TT (a2, +1). (16)

i=1

and where £ must be obtained as solution of Eq. (11) with fixed x;, x, and x5 (§ > a23)

Typically, for analysing the behavior of confocal isotropic geometries, the the ellipsoidal coordinates and the Lamé functions
(or ellipsoidal harmonic functions related to the separation of variables applied to the Laplace equation in elliptic coordinates)
strongly simplify the mathematical derivations (Benveniste & Miloh, 1991). However, in our case we are forced to use Cartesian
variables because of the anisotropic behavior of the particles core. Indeed, the separation of variables for the anisotropic Laplace
equations leads to more complicated differential equations, whose solutions can not be directly written in terms of standard
Lamé functions.

Now, we specify on each interface the boundary conditions imposing the continuity of the electrical potential and the con-
tinuity of the normal component of the electric displacement. These conditions represent the ideal behavior of the fields at an
interface without imperfections. We can assume such conditions since the imperfect character of the transport process between
core and matrix is taken into account through the presence of the shell, which represents a finite-thickness inter-phase mim-
icking the possible contact defects. However, it is important to remark that the thickness of the coating (shell) with confocal
ellipsoidal boundaries is not constant and it varies changing the point considered over the surface. Therefore, the introduction of
imperfect interfaces through this variable layer is an approximation, which is more acceptable when particles are nearly spherical
(Kushch, Sevostianov, & Belyaev, 2015).

Explicitly, we obtain

Ge=0s if §=5, (17)

s = Pm if %::O’ (18)

ZZM e —8223"’% if & =& (19)

€2y 8(55 Z n] if £=0, (20)
j ]

where = (nq, ny, n3) is the outward normal unit vector to each surface. By using Eqs. (12) and (13) the first boundary condition
can be rewritten as

+oo dt
Cexy, = SiXy + Tka/ —_— - (21)
2= DS N (a1
The integral in the above equality can be elaborated by using the change of variable n =t — &.. The result is
2
Z Cixy = Z SkXi + A Z TiXiLek, (22)
k k ¢k
where A; £ R(Ec = 01003 and we introduced the depolarization factors of the core (Landau et al., 1984)
+00
s 5 [ an . (23)
[ (a2, + 1) (a2, +n)

In we take into account the arbitrariness of the point (x;, x5, x3) on the core-shell interface in Eq. (22), we obtain the explicit
form of the first boundary condition
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Ck = Sk + — a TkLCk’ Vk = 1,2,3. (24)
C
The second one can be elaborated in a similar manner. By substituting Eqs. (13) and (14) in Eq. (18) we eventually obtain
2 2
> Sixi+ i D Txilse = — Y EokXe + o > QXL (25)
k Sk k Sk

where, as before, we defined A; £ R(0) = a,105,0a53 and we introduced the depolarization factors of the shell (Landau et al.,
1984)

Lsk £ %/\-FOC dl’] . (26)
0 I (asz,i + '7) (a?k + )

From Eq. (25) we finally deduce that

2 2
S+ - TiLste = —Eo + 2~ Qulsi Vk=1,2,3. (27)
S

As

The elaboration of the third boundary condition is a more complicated task because of the presence of the term d¢s/9x;. To begin
we easily obtain

8¢5 +0o dt ad +eo dt
oo [t [ ] -
ax;j Zk: [ e RO (a2, +) TN e R(t)(“sz.k“)} -

and we determine the last integral as follows

0 [te  de _d gt dt 9F 1 9t
371'/5 R)(a2, +t) dS/s R(t) (a2, +1) 0% R(E)(a2, +&) 0% 2

Now, to calculate % we define
J

3 2
X?
X1,X2, X, &) = L 30
f(x1,%2,%2,8) ;‘%*S (30)
Since the value of £ as function of X1, X, and x3 is defined by f = 0, we also have
af
ad af o ad x; 2x; 1
Ti*agaf O:‘asz‘fxfj:azig g (31)
] ] J 9E s.j Zq (a§q+é)2
Summing up, Eq. (28) becomes
dPps oo dt 2x.Xx i Ty, 1
=5+ 3 | Ty / - J (32)
. 2 2 2 2
0% k ¢ RO(e,+t)  RE) (a2, +5) (as,j +£) 2 (agjig)z
and the boundary condition in Eq. (19) assumes the form
ZS;,‘]C,‘TI]' =& Zsjnj
ij J
+oo dt 2XkaTknj 1
+&2 Z TkSkjnj/ B - B
m & RO(@2, +t)  RE) (a2, +&) (a2 +&) ) - +s)
dt 2xX i Ten 1
=& Sini + & Tin; / —_— — & ) J s (33)
Z ! Z T RO(a2, +t) Z RGE)az, a5 v, ;Tﬁ

where we used the definition af K= as i + &c- In the last term we consider the following theorem concerning the outward normal
unit vector to an ellipsoid (in this case the core-shell interface), which is proved in Appendix A

Xil;
ny = a2, ”/Z (Vk=1,2,3), (34)
C{j
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and, we therefore obtain from Eq. (19)
2 2
> e3iGnj =2y Sinj+ 762 > TiLejn; — 16 > Ty (35)
L. . C . C
ij j j k

or, equivalently, for the arbitrariness of n,

2 2
ZS;UC,' = Ezsj + fé‘szLcj — fé‘sz. (36)
,, Ac Ac
We can similarly elaborate the fourth boundary condition. Following the previous procedure, Eq. (20) can be rewritten in the
following form

ZXkX j Tk 1

2 2X,XQy 1
& Si+ Y Tidii—L I nj=¢ —Eo; + B = n;. 37
2; J ; k IcJAS sk — Z R(O)azkasj Z Xq J IZ 0j ZQlc kJA Z R(O)azkasj Z Xq ] ( )
‘1

Then we can use the theorem stated in Appendix A for the shell-matrix ellipsoidal interface

- X" Zx’"’/z Vk=1,273), (38)

in both the left and right hand sides of Eq. (37). The result has been eventually found as

2 2 2 2
A TiLg — /‘TsTk = —&1EqSk + glfTstLsk - 81fTSQ’“ (39)

concluding the analysis of the boundary conditions. To sum up, we can rewrite the four boundary conditions obtained in Egs.
(24),(27), (36) and (39) in vector form as follows

&Sk + E3—

=5 +Asz . (40)
S+l T=-Fo+ ;LG (41)
& C=6 [§ +A—C(ic - F], (42)
82[§ +A%(i5—l) ?] =81[ Eo+ o ( DQ] (43)

where we defined I, = diag(L¢y, Ly, Le3) and L = diag(Ls;, Lsy. Lg3). After a very long but straightforward algebraic development,
we can obtain the solution of Egs. (40)-(43) as follows

T= 2 e1AA(8 — e21) D o, (44)
S= e1As[eal + Le(83 — e20) |D Eo. (45)
C=e18,AD " Eo, (46)
Q= %Asﬂlﬁ“fo, 47)

where, to compact the final expressions, we defined the tensors N and D
N =A[Li(e2 — £1) — 1] (&5 — &)
—As(ez — &) [£2] + Le(63 — 1) ].
D=A(es— sl)is(is - i)(§3 - szf)
—As[el + Ls(ez — 1) | [l + Le (85 — £2]) |-

This completes the static analysis of the behavior of a coated particle with confocal ellipsoidal interfaces and anisotropic
core. It is noteworthy that, in spite of the complex analytical procedure above discussed, we obtained simple results in alge-
braic form, merely depending on the depolarization factors of both ellipsoidal interfaces. We underline that the electric field
induced within the core, assuming the value — 8 as deduced from Eq. (12), is always uniform in spite of the presence of the
shell. As a particular case, we can take into consideration a particle without shell (homogeneous particle). To do this, we can

(48)

(49)
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impose L. =I5 and A = As (the core coincide with the whole particle and the shell disappears), by getting the following
results

Chom = —€1 [81i+ I:s(§3 - 810]7?}0, (50)

ahom = %As(§3 - 811)[81“- is(§3 - 81i)]4E0- (51)

While —E,mm represents the internal field within the homogeneous particle, ahom describes the behavior of the external field
in the same case. We remark that, performing the limit L. — L5 and Ac — As we obtained, as expected, results not depending
on g5, representing the permittivity of the shell, certainly not relevant for the homogeneous particle (with response £3). Results
given in Egs. (50) and (51) are in perfect agreement with previous literature (Fricke, 1953; Landau et al., 1984; Giordano, 2003;
Giordano, Palla, & Colombo, 2008). In this context, Eq. (51) is useful to determine an effective permittivity tensor & spertinent to
the composite (core-shell) particle. As a matter of fact, we can define an homogeneous equivalent particle by imposing exactly
the same external electric potential generated by the effective particle and the composite one. More explicitly, &,;ymust be

calculated by imposing that ahom :a where in ahom we substitute &3 = &5 and a is given by Eq. (47). More explicitly, & is

solution of the operator equation (8,7 — &11)[e1]+ Ls (8,5 — e10)]"" = ND-1, which allows us to obtain

er[T- KDL, ' [T- RO (&, - 1)]

Eefy
— e+ eN[D-LR] . (52)

where N and D are defined in Egs. (48) and (49), respectively. In order to prove the coherence of this result, we must verify
that &, is independent of ¢y, a parameter pertinent to the matrix. Indeed, we will obtain &, as function of ¢ = Ac/As (volume
fraction of the core within the shell), &, and &3. To do this, we can substitute Eqgs. (48) and (49) in Eq. (52) and, after a long
calculation, we obtain & in explicit form as follows

éeff = Szi— (650) (§3 — Ezi) [(Cfs — ZC) (§3 — Szi) — 821]_1. (53)

We remark that for ¢ = 0 we obtain &, = £>1 and for ¢ = 1 (and [s = Lc) we have &, = £3, as expected.

For the following purposes, we need to know the average value of the electric field within the shell region. This point will be
useful to perform the averaging of the electric field in a more complex structure with a population of particles. To approach this
problem we firstly prove the following property: the average field inside the composite particle composed of a core &3 in a shell
&7 is equal to the uniform field within the effective particle with permittivity tensor &, . For the effective homogeneous particle
we can write

. .l - - -
S S d
(E)Qzuﬂg /‘L(QZ @] 93) QU E ( ¥ ) §
1 (%) ,~ o [ GOl
= - dx=— - ds’ B
LU e, g% O X (@ U) s:o¢( X)lg—on (54)

where we have used the divergence theorem. Therefore, the internal average quantity is determined by the values of the electric
potential ¢ ( x ) over the particle surface (¢ = 0), which is a continuous quantity by definition. Please note that, in this case, the
region 2, U Q3 represents a homogeneous dielectric. Similarly, for the composite particle, we have

- o AP(X) - Ip(x)  ~
(Eloa, = M(92UQ3)|:-/92 3 x dx+/93 9 x dx:|

1 — — — — — —
_ _M[/Ezoqb( oo 1 dS—/gz&qb( oo 1 dS+/E=EC¢(x Meg- 7 ds]. (55)

Now, the continuity of the electric potential affirms that ¢( x ”EZE? =¢( x )|E:$E and, therefore, Egs. (54) and (55) assume
the same value. Finally, the average electric field is the same in the effective homogeneous and composite particles since the
external field is imposed equal in both cases. This equivalence property can be used to determine the average value of

the electric field in the shell region (ES)QZ. Indeed, the equivalence property can be explicitly stated as

—E,wm =—C E +(1 - C)(]_;IS)Q2 where in a,om we consider &3 = &,5; and where ¢ = A¢/As is the volume fraction of the core in
the shell. Of course, in previous expression, —amm represent the average (uniform) value of the electric field in the effective

particle and —c E +(1 - c)(J_;IS)Q2 the average electric field in the composite one. Anyway, this equality can be rewritten as
follows by taking into account Egs. (46) and (50)
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~ ~ ~ —1— A — —
81[81I+L5(85ff—8]i)] E0=—C8182A5D_IEO+(1 —C)(Es)Qz7 (56)

where &, is given in Eq. (52). This equation can be solved with respect to (ES)QZ, by eventually obtaining

— ~ A ~ ~ ~ Al A —
(Es)o, = —81A5{ |:Lc + 1 CA (Ls - Lc):| (83 - 821) + 821}D_1E0, (57)
c — {ls
or, equivalently,

- ~ cC = R A o
(Es)g, = —81As{ [Lc + ﬁ(LC - LS)](83 —&ol) + szl}D—lso. (58)

To conclude, this is the exact expression giving the average electric field within the shell region. It is important to remark
that we obtain (ES)Q2 =— E (by comparing Eqgs. (45) and (58)), i.e. the average value in the shell corresponds only to the uni-
form contribution in Eq. (13), if and only if L. = L, a condition satisfied only for spherical or cylindrical geometries (or in the

trivial case without shell, ¢ = 0). In fact, the non-uniform term in Eq. (13), controlled by the vector coefficient T‘ has a zero
contribution for spherical or cylindrical geometries since it corresponds to the classical dipolar behavior; on the other hand,

for an arbitrary ellipsoidal geometry this dipolar property is not verified and we have <ES>§22 # - E, being the deviation
between these quantities controlled by the difference s — L and by the volume fraction c.

4. Generalization to constitutive equations with temporal dispersion

The results of previous Section can be generalized to consider more complex constitutive equations, notably describing
linear and nonlinear temporal dispersion. As discussed in Section 2, shells and matrix are described by the complex valued
permittivities £,(w) and &;(w), respectively. Because of the linearity of the system, all results of previous Section are still
valid provided that each quantity is substituted by its phasor. Moreover, the core of the particles is described by the field
dependent permittivity tensor given in Eq. (8) of Section 2. The consideration of this response is more complicated and
the corresponding problem can be solved as follows. In spite of the nonlinear character of Eq. (8), we can affirm that the
uniformity of the electric field inside the core is confirmed also in this case (Giordano & Rocchia, 2005). The equation for
obtaining this uniform internal field, see Eq. (46), remains unaltered, even though it assumes an implicit form. Indeed, by

substituting the constitutive equation BC( X, ) = éimt(a))fc( X, ) in the relation giving the internal electric field (inside
the core, see Eq. (46)), i.e.

DEc = —162AEo, (59)
we obtain
O D At O I A A,
aEC—’_EX]ﬂ(EC'EC)EC"_ZXZﬂ(EC'EC)EC:E07 (60)
where
A Cc . NN . .
OtZ—f(&‘z—gl)Ls(Ls—i)(Sg,—Ezi)
€182
1 o o (61)
—— &1l +Ls(e5 — € S+ Lo (€3 — &1) |,
t o5 [e17+ Ls(e2 — &) |[€2] + Le(é3 — €21) ]
P c . RPN 1 PSP RS
B=—g 62 enL(Ls - 1) + E[811+ Ls(¢2 — &1)]Le. (62)

are diagonal operators with components ¢, and /3',0 respectively. Here, as before, c = A./As represents the volume fraction of the
core within the shell. If a solution of Eq. (60) exists, due to self-consistency, all the boundary conditions are fulfilled and the
problem is completely analogous to its linear counterpart, treated in the previous Section. In its explicit form, Eq. (60) can be
rewritten as

T T D o
ek + 5 X1 PiEe > EqEy + 7 X2PEg > EZ = Eg. (63)
i i
By considering a possible solution of the form Ey, = dyEqy + byEg,. it is not difficult to obtain the expression of E in terms of Egy,

expanded up to the third order

. 1 EqiE; B - E2
E —E *_Ex iy 64
ok = g Foe = 2 Eok O{Ol* CYkCY,’: ok : &2 (64)
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This result represents the electric field phasor inside the nonlinear core of a composite particle embedded in a given ma-
trix. To sum up we remember that the three phases core, shell and matrix are described by the complex frequency dependent
permittivities €3, &5 and €1, respectively; moreover, the core exhibits a nonlinear behavior modulated by the complex nonlin-
ear susceptibilities x1(w) = x (0, w) and xz(w) = ¥ (2w, w). The final result stated in Eq. (64) is completly controlled by the
quantities ¢/, and By, defined in Eqs. (61) and (62).

Of course, the presence of the above discussed nonlinear behavior for the core alters the average value of the electric field
within the shell region. However, by considering Eqgs. (57) and (59) we can rewrite the average value of the electric field over the
shell region in terms of the value of the electric field within the core

= 1] Ac i sz . N
<ES>QZ = 8'2{|:LC+AC —CAS (Ls _Lc)](SB.tot _SZD +821}Ec

11~ A 0 |l 1. /> 5\N> 1. [> >)\>F

8'2|:LC+AC —CAS (Ls_Lc)] [83EC+2X1<EC'EC>EC+4X2<EC'EC)EC]

. T A .~ >

=1L+ =4 (Ls —Lc) | { E. (65)

Of course, in Eq. (57) we have introduced the complete expression for gg,vmt given in Eq. (8) in place of the standard
tensor 53: Now, we can rewrite Eq. (65) component-by-component and we may exploit the result
%)’(] Eq Yo EqEX + %XZE;{ > Eczi = (Egx — axEc) /By, coming directly from Eq. (63). The result of this procedure can be eventually
obtained as

J’_

. 1 A . Eo—aE
<ES/<)Q2 = |:Lck + A _CA (Lsk - Lck):| |:33Eck + Okaki|
c s

& k
Ac :
+ 91— Lck + Ac — As (Lsk - Lck) Eck
- Sk -
= tkEck + - k- EOk (66)
&2k
where
. A c
Sk = Lok + ﬁ(Lsk —La) =L+ ¢ (Lere — Lg) (67)
c — s -

skdk
€28

This completes the determination of the electric field in the nonlinear core and in the shell of the composite particle.

th=1-—5,+ ésk - (68)
&

5. Averaging procedure over the orientations

In previous Section we have obtained the results for E,, and <Esk)92v representing the electric fields in the core and in the
shell (averaged), respectively, for a composite particle having the principal axes aligned with the coordinate system. These
results give the final quantities in terms of the remotely applied electric field, arbitrarily oriented in the space. Now, we
maintain fixed the vector corresponding to the applied field and we consider the particle uniformly randomly oriented in the
space (see Fig. 3 for details). So doing, we are interested in determining the average value of the quantities E., and (I:"S,{)Q2
over the Euler angles ¥, and ¢, controlling the orientation of the particle in the space. In the following, these averaged
fields will be referred to as (Eck)o,¢,¢3ﬂd <<ES’<>92)19.1//.¢' Of course, we have obtained in Egs. (64) and (66) a non isotropic

relationship giving E,, and (ESk)QZas function of Ey,, because of the ellipsoidal (geometrically non isotropic) shape of the

particle. On the contrary, after having performed the averaging we will obtain an isotropic relation between (Eck)ﬂvwvw or

((Esk)ﬂz) - wand the applied field Ey, since the angles averaging smears out the shape anisotropy. The final isotropic relation
will therefore assume a form similar to that of Eq. (5). ) )

To begin the calculation, we note that in Eq. (66) for (Eg)q, there is a first term Ety. Therefore, we firstly determine the
average value of this quantity, observing that, for obtaining the average value of E,, it is sufficient to substitute f, = 1 in the
final result. Moreover, we will analyse the second term in Eq. (66) to complete the calculation. Hence, we consider the following
vector components
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Fig. 3. Rotation of the confocal core-shell structure, representing the composite particle.

E2
s (69)
o

fk ﬂkfk Eoky 1. By
v_Et_ E—— L — —Xa——E}
k = Ecilk ok 2X O‘k Okzaa* 4X2akai§ okZ
and we try to calculate the average value over the orientation. To do this, we define the principal directions of the rotated particle
as ﬁl, ﬁz and 33, useful to write the average value in the following form
2

RN E 1 E*ﬁ 1. Bi > E ) |
R L e R
LR i

k i i Tk i
RVR"]

(70)

where we exploited the standard properties V= >k i/k?fk and Eg, = Eo . ﬁ)k. By further expanding Eq. (70) (or, more precisely,
its s-th component), we easily obtain

. fk - ‘3] tk EOIEOqE
(Us)p yp = Z d*EOj(nkjnkQﬁJ/w Z - Gid? (nklniq”ipnksb_ww
kj k iklgp <
Bl EOIEOqEOP
Z 0( o (nklniqnipnks)ﬁ,l/,,(ﬂ’ (71)
iklgp k

where n;; represents the jth component of the unit vector ﬁk. Now, the problem is solved if we are able to calculate the average

value of the combinations n;ny, and nyngn;,n, over the random orientations of the orthogonal unit vectors ni. 32 and 33.
Performing the integration over the unit sphere, by means of standard spherical coordinates, we obtain, after some long but
straightforward computations, the results

1
<nkjnks>19,1//.¢ = gsjs? (72)

<nklniqnipnks>,9,1/,v¢ (28155@ =) laps 8q55p1) ]551k (5158qp =) 181)5 quapl), (73)

We remark that these expressions are in perfect agreement with previous literature (Giordano & Rocchia, 2005). It is also interest-
ing to note that such a rotational averaging has been thoroughly examined to calculate the macroscopic response of isotropic and
anisotropic samples from microscopic parameters, an idea perfectly coherent with the present investigation (Andrews, 2004).
Anyway, by substituting Eqs. (72) and (73) in Eq. (71), we obtain

) 1 fy -
(Us)g yo = 3 Z O-TkEOj(Sjs
m

t EOIEOqE
Iy b Pidy aa*o (zalsaqp = Suidps — (gqs(;pl)
lqup
,kal EOIEOqEO 3 3
+ 1%7 X Ol O[* G 781k (6138413 - Esql(sps - ESqSSP,)
Bk E; ,quEop 1 )
B lqup Ol]:Olk } Ol (28158(“’ - anl(sps - 55q55p1>
I B o) .
iklgp k i

and, by saturating all the sums over repeated indices, we finally obtain
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(U5) 9.y = MiEos
1. . .o (9 1 3. ., S
—§X1EOS ZEOquq(ﬁXt + ﬁ&) - %XlEOS > Eogkoq(Z: — &)
q q
3 ke S Eodks LB S Eoror (S — L
*ﬁm OSZ 0gEoq (2t — Vr) — 3% OSZ 0q Oq(gyt - ng)
q q
= M¢Eos — AcEos Z EOqESq - BtE& Z EOqEOq’
q

q
where we defined

1. 1 3.
At = EX]<ﬁXt + ﬁ&) - %Xz(yt - Z),

S PLIN VS B
[—4X2<5 T g t)—ZOXl( t — Zt).

25

(76)

(77)

(78)

(79)

(80)

(81)

In order to complete the determination of the average value of (Esk)sze have to consider the second term in Eq. (66), which
corresponds to S,/ (&, Bk)EOk. Its average value (we consider the s-th component) over the orientations can be simply determined

as follows
Sy (4 q> > Sk 1 Sk -
Z, — | Eo - Mg |Nks =Z,7-50i(nki”ks)ﬁ,1//,¢=* —Eos.
< . &2Bk dwp ki &2Bk 357 6By

(82)

By adding Eqgs. (75) and (82) we obtain the first important result giving the average value of the electric field within the shell

region

(Eaa), ,

= WEp — AEg, Z EOqESq — BeEg, Z EoqEoq.
q q
where we introduced the parameter W as follows

1 S 1 £
wo Loy Sy Iyt
3& Xk: B 3 Xk: R

(83)

(84)

To conclude, we observe that by letting f, = 1 in Eq. (75), we directly obtain the angular averaged value of E, inside the particle

core

(k) .9 = MEos — AEqi Y EoqgEgy — BEg, > EogEoq.
q q

where the following parameters have been used

(85)
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1./9 1 3 .

A= X (]Ox+ﬁ3)—%X2(y—Z)’ (90)
1./6. 1 3 .

B=Zx2(§y—52)—ﬁm(26—2), (91)

and they can be simply obtained by letting f, = 1 in Eqgs. (76)-(81). We finally remark that Eqgs. (83) and (85) represent isotropic
relationships between the remotely applied field and the internal average ones. Indeed, they exhibit the same form of the
isotropic constitutive equation stated in Eq. (5).

6. Effective medium theory for a population of randomly oriented particles

We consider in this Section a population of composite particles randomly oriented and dispersed in the matrix. As before, we
suppose to deal with nonlinear cores and linear materials for shells and matrix. The structure is represented in Fig. 1, where one
can find the definition of the regions 2;; (matrix), 25 (ensemble of shells) and 2. (ensemble of cores). Moreover, we consider
the whole composite structure contained in the region €2, representing the body we are going to homogenize. Because of the
random orientations of the particle, we expect to find an overall isotropic response for the entire composite material. It means
that it will be described by an isotropic constitutive equation, having the form given in Eq. (5), where we will introduce an
effective complex permittivity €.r(w) and by two nonlinear susceptibilities X; o;f(w) and x; .fs(w). In order to develop the
effective medium theory we need to determine the average value of the displacement vector and of the electric field over the

whole region 2. We begin by evaluating the average value of the vector B as follows

(B):ﬁ/s;gdv:ﬁ Qde +u(19) Qst +M(Q) QﬁDdV
= i J, P e D ey [, b
IL(Z?) QSEdV_% QSEd o) (9) Qcédv—% QCEdV
_ ﬁa/ﬂfdw ﬁ(e’z—a) A Edv+u(9)/ —éE)d

— 61(E) + (1~ ) (2 — 1) (Ex), +dc(De — é1Ec)g,

= 6(E) + 61 e —((Es)y ) +oelDe—£1Ed, . (92)

AR

where we have considered the volume fraction c of the core within each composite particle and the volume fraction ¢ of the
particles in the entire volume (see definitions in Fig. 1). They represent the stoichiometric parameters of the heterogeneous
structure. In previous expression, the symbol w(£2) represents the measure of the region 2. The second to last expression is an

exact result giving the average value of D in terms of (E), (ES)QS and (Bc — &1 EC)QC. From now on, we introduce the hypothesis
to work with a dilute dispersion of particle, i.e. ¢ « 1. Conversely, the theory is valid for any value of the volume fraction c,
describing the composition of the particles. So doing, each particle can be considered as isolated in the space and subjected to

a remotely applied field, as discussed in previous Sections. Hence, the value (ES)QS can be approximated with <<E5>92>ﬁ Ve

calculated in the previous Section for an isolated particle, see Eq. (83). Similarly, the last term (Bc - s‘]EC>QC can be approxi-

mately evaluated by considering a single particle in the matrix. This approximation will be referred to as (Bc — &1 EC>19,1//,¢ and
this quantity must be evaluated in the following. Anyway, these approximations lead to the final result given in Eq. (92).
We can follow a similar procedure for the average value of the electric field. We obtain the following result

<E>=<1—¢><Em> +¢(1—c)<§> T ¢c(Eda,
= (1= $)Eo+ (1 - ((Eday)y g + SAED s - (93)

While the first expression is exact and simply corresponds to the average value definition, the second one contains the approx-

imations imposed by the hypothesis of low concentration of particles. Importantly, the terms ((ES)QZ)19 " wand (Ec)ﬂv,/,vw are
available in previous Section, see Egs. (83) and (85).
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In order to obtain an explicit form of these average balance equations, we need to evaluate the term (BC — &1 Ec)é\,w,w, which
is not available from previous calculations. We ﬁrstly observe that

Dck ElEck = 83Eck+ XlEck ZEczEc,+ XZE ZECI é1E ck

. Eor — @i .
= &3Eq + SOk~ Tk E1E
k
1. . . O\ - 1. .
= —Eo + (83 — &1 - Ak>Eck = —Eo + kE, (94)
Br Br Br
where we exploited the result %XlEck > Eci 4X2E > E2 . = (Eox — dxE.) /By, coming directly from Eq. (63), and we de-
fined
Tk—83—81 - % (95)
k
Summing up, we can apply the above discussed averaging procedure over the orientations and we eventually obtain
(Dck - élE.ck)ﬂ,qu_ga = M(é3 - é] )Eok - ArEOk ZEOqESq - BrEak ZEOqEqu (96)

q q
where M is defined in Eq. (86) and the other parameters follow

()
-()rd)

1

Z IBRrk (99)
dpag
1 9 1 3.
Ar = 2X1<10Xr+ﬁzr> - ﬁXZ(yr—Zr), (100)
Br = 1 X (*3} 12) i 1(Xr — Z, (101)
r—4X2 5T T 5T _20)(1( r— Zr).

They can be simply obtained by substituting t, with 7}, in Egs. (77)-(81). Now, the first balance equation for the average value of
B can be rewritten in components as follows
(D) = é1(Ex) + [9(1 = W (&2 — £1) + PcM (€3 — é1) |Eni
— [6(1 =) (&2 — £1) At + pcA |Eq Y Eogks,
q

— [0(1 =) (&2 — £1)B + ¢eB |Eg, > Eogfoq
q
= &1(Ex) + QEor — EEox Y EogEgy — NEy, Y EogEog. (102)
q q
where we introduced

Q=¢(1-c)V (& — 1) +pcM(g3 — &1), (103)
E=d(1—0)(é2—€1) A + PCA;, (104)
n=¢(1-c)(E2— &1)B: + PCB;. (105)

Similarly, the second balance equation for the electric field assumes the form
(B = [(1 =) +¢(1 — W + pcM o
—[¢(1 = ) At + pcAlEa Y EogEgy — [¢(1 = OB + ¢cBEg, > EogEoq
q

q
== FEok - SEOk Z EOqESq - Qfék ZEOqEqu (106)
q q
where, additionally, we defined
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F'=1-¢)+¢(1—-0)¥+opcM, (107)
§=¢(1—0)Ar + PpcA, (108)
0=¢(1—0)B: + ¢cB. (109)

Now, to complete the homogenization procedure, we remember that the effective medium theory represents a constitutive
equation combining (D,) with (E;). Therefore, to obtain such a relation we have to find Eg, in terms of (E;) from Eq. (106) and to
substitute this result in Eq. (102). To begin, we invert Eq. (106), easily getting the expression

. 1 . S . . . . . .
ok = 1 (Bi) + posps (B (BN Eg) + poes (BD) Y(Eq) (o). (110)
q q
Then, we substitute this result in Eq. (102) and, up to the third order in the electric field, we eventually obtain
. Q) - SQ—&Er . L Q-—nl . .
(D) = (81 + F) (B0 + S B Stk ) + C2 I () Y (k) ). ()
q q

This represents the most important result of the present paper, fully characterizing the electrical response of the dispersion
of composite particles with uniformly random orientations and positions. To conclude, we can also write down the effective
parameters for the whole heterogeneous material as follows

Eepp(@) = €1+ . (112)
. 2
Xieff(@) = W((SQ -&D). (113)
. 4
X2,eff(w) = W(QQ —nl). (114)
a) b)
3 40
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Fig. 4. Analysis of the effective parameters in the static case with the core-to matrix contrast €3/¢; = 10 (¢35 = 10, &; = 1). The overall response is shown versus
log,y&2for prolate spheroids with axes as; =3M — 2, a5, = 1, a3 = 1 (red continuous curves), spheres (green curves with triangles) and oblate spheroids with
axes a1 = 1,a5 =1, a3 = 1/(3M — 2) (black dashed curves). The results for the effective permittivity are split in two different ranges to improve the legibility.
We fixed the volume fractions ¢ = 0.9 and ¢ = 0.3. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version
of this article.)
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These results represent closed form expressions of the three effective quantities controlling the overall response of the heteroge-
neous material. We underline that the procedure can be easily implemented in a numerical code, useful to calculate the effective
parameters at any frequency w, as discussed in the next Section.

7. Numerical results

We start with a simple example concerning a purely static case, without temporal dispersion. It means that ¢4, &,, €3 and
X1 = X2 assume real values, similarly to the results &,¢r and xq o5r = X2.5f- Indeed, in this static case it is easily proved
that if x; = x, then we have xq.fr = X2.ss- This point can be analytically verified through Egs. (113) and (114), com-
bined with all the pertinent parameters. However, this is not always true, as discussed below for complex valued permittiv-
ities and nonlinear susceptibilities. We use the general theory to investigate the effect of the shell permittivity &,, the ef-
fect of the ellipsoidal particles shape and, finally, the effect of the core-to-matrix contrast €3/¢1. The results are shown in
Figs. 4-6, where the effective parameters have been represented in terms of the microstructure features. In particular, the
three figures concern the contrast €3/&1 = 10, 1, 0.1, respectively. In all cases, we have used a volume fraction ¢ = 0.9 for the
core within each particle, and ¢ = 0.3 for the entire population of composite particles. In each plot we have represented
the results for prolate ellipsoids of revolution (spheroids of ovary or elongated form), spheres, and oblate ellipsoids of rev-
olution (spheroids of planetary or flattened form). For representing the prolate shape we used three semiaxes defined as
as1 =3M —-2,a5, = 1,a,3 = 1, while for the oblate case we adopted a5y =1,a5 = 1,453 = 1/(3M — 2), where M =1...10, to
fully explore the effect of the shape on the overall response of the heterogeneous material. In both cases, M = 1 corresponds
to the spherical shape. The above semiaxes definitions are coherent with the initial assumption 0 < as3 < a5 < 51 < +00,
stated in Section 3. In Figs. 4-6, results for prolate spheroids, spheres and oblate spheroids are represented by red, green and
black curves, respectively. The results for the linear effective permittivity &,;; have been reported, in each case, by means
of two plots, the first in panel (a) showing &.rr/e1 for =5 < logjge, <0, and the second in panel (b) showing e,ss/eq for
0 < logp &, < 5. This splitting permits to better observe the large modification of the linear results within the entire range
of variation of log;q ¢,. The limiting values of &.7¢/&; for £, — 0 and €, — oo can be explained and checked as follows. For
g7 — 0, the system corresponds to a dispersion of voids (or better, zero permittivity particles) with volume fraction ¢
and, conversely, for £, — oo the system corresponds to a dispersion of metallic particles (superconducting particles if we deal

a) b)
40

Eeff /€1

M=1..10

2 3 logjger
prolate

......... oblate
—aaaa spheres

Fig. 5. Analysis of the effective parameters in the static case with the core-to matrix contrast €3/¢; = 1 (¢3 = &1 = 1). The overall response is shown versus
logs &, for prolate spheroids with axes ag; = 3M — 2, a5; = 1, a;3 = 1 (red continuous curves), spheres (green curves with triangles) and oblate spheroids with
axes a1 = 1,a5 =1, a3 = 1/(3M — 2) (black dashed curves). The results for the effective permittivity are split in two different ranges to improve the legibility.
We fixed the volume fractions ¢ = 0.9 and ¢ = 0.3. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version
of this article.)
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a) b)

prolate

--------- oblate

—aasa Spheres

Fig. 6. Analysis of the effective parameters in the static case with the core-to matrix contrast £5/6; = 0.1 (&3 = 0.1, &; = 1). The overall response is shown versus
log,y &2 for prolate spheroids with axes as; = 3M — 2, a5, = 1, a3 = 1 (red continuous curves), spheres (green curves with triangles) and oblate spheroids with
axes a1 = 1,45, = 1, a3 = 1/(3M — 2) (black dashed curves). The results for the effective permittivity are split in two different ranges to improve the legibility.
We fixed the volume fractions ¢ = 0.9 and ¢ = 0.3. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version
of this article.)

with transport properties instead of dielectric ones) with the same volume fraction. In fact, because of the extremes values of
the shell permittivity, the particle cores can not influence the effective properties. In the first case the electric induction can not
enter the shell (D= 0 since €, — 0), while in the second case is the electric field that can not penetrate the shell (E= 0 since
&2 — oo). Anyway, we can use the standard Maxwell-Garnett rule for the effective permittivity &, of a dispersion of ellipsoids
(€2)in a matrix (¢ 1) with a volume fraction ¢ (Maxwell-Garnett, 1904; Fricke, 1953; Giordano, 2003)

1 £
b(e2—e1)3 X sm e

Eeff = €1+ , (115)
]+¢|: ZJ e1+Lj (82 £1) 1:|
in order to examine the relevant limiting behaviors. If ¢, — 0, we obtain
1 1
€ b3
;ff 1 340 T , (116)
IR AR DR
while, for £, — oo, we have
8€ff ¢ 1 1
Zeff _1q i 117
e T1-43 ZJ: L (117)

We numerically proved that such limiting behaviors are in perfect agreement with results in Figs. 4-6, panels (a) and (b), for
any shape of the involved ellipsoids, described by the pertinent depolarization factors. As regards the effective nonlinear re-
sponse we presented the susceptibility x.rr in panel (c), representing the values of xq orr = X255 We firstly observe that
the limiting values limg,_qxeff = liMe,=cc Xery = 0 must be always fulfilled. Indeed, as above remarked, when ¢, — 0 or
&5 — oo the core does not affect the overall response of the heterogeneous material. Since the nonlinear character is solely
contained in the particle cores, we must have a purely linear response when the core are not influencing the effective be-
havior (because of the shell shield). This behavior is correctly confirmed in Figs. 4-6, panel (c), for any value of the contrast
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€3/€1 =10, 1, 0.1. In all cases, x.ssr/x1 shows a maximum point for a specific value of the shell permittivity. Moreover, we
observe that this peak is larger if 3 < &1 and if the particles are oblate. In Fig. 6, where €3/¢; = 0.1, we find a nonlinear response
Xefr as large as 501, for strongly oblate particle having a5 = 1, a5 = 1, a3 = 1/28 (M = 10). We remark that in Fig. 6 the non-
linear responses for prolate particles, which are much weaker (x,ff >~ x1), have been represented with an intensification factor
(x50) in order to facilitate the visualization. To conclude, we proved that, under specific conditions, we can obtain a large ampli-
fication of the nonlinear response, a phenomenon very useful to design composite materials with tailored nonlinear properties
(an important point, e.g. in nonlinear optics).

In order to present a more complex example of application of the previous homogenization theory, we need to introduce a
realistic behavior of a nonlinear material with temporal dispersion, to be used in the core of the composite particles. To do
this we can develop a nonlinear version of the classical Drude-Lorentz model, largely used in optics (and nonlinear optics as
well). The classical motion equation describing the dynamics of the position T of an electron elastically coupled to an atomic
nucleous,

— —

- d r — - = = d2 r
L : —m— 18
qE —k-7- r=p(r-r)r R (118)
has been generalized with a third order term, controlled by the coefficient 8, representing the anharmonicity of the coupling. In

Eq.(118),q E is the Lorentz force applied to the electron charge g, k is the friction coefficient, h is the linear spring constant and
m is the electron mass. Since we are interested in a sinusoidal steady state we can introduce the vector phasors for the electric
field and the electron position. Hence, following the same procedure used in Section 2, the motion equation taking into account
only the monochromatic terms at frequency w assumes the form

[(a)gw2)+iwr’;]7+ﬁ[;(77>?+}l(77)?]=ig, (119)

where we have introduced the resonance frequency wgy = y/h/m. This equation in T can be solved up to the third order in the

electric field. Then the polarization density vector can be obtained as F = Nq?, where N is the optical electrons density. The
result is
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Fig. 7. Effective properties of the dispersion of composite particles with nonlinear dispersive cores described by Eqs. (121) and (122). Panels (a) and (b): linear
and nonlinear results for prolate particles (axes as; = 3M — 2, a5, = 1, a3 = 1 with M = 1...10). Panel (c) and (d): linear and nonlinear results for oblate particles
(axesas =1,a5 =1,as3 = 1/(3M — 2) withM = 1...10). In all plots continuous curves represent the real parts while dashed one the imaginary parts. Moreover,
green curves concern the case with spherical particles. We considered a frequency @ = 0.8wy, before the resonance. We fixed &; = 100gg, c = 0.9 and ¢ = 0.3.
(For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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R
P = T - / g . (120)
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Finally, by considering the definition of the electric displacement vector B = SOE + 1_; we obtain a constitutive equation of the
form given in Eq. (8) where yx;(w) = x2(w), i.e. a response as in Eq. (10), where

Ng®
m(w} — w?) + iwk’
Npq*
[m(w} - w?) + ia)k]z[m2 (w3 - a)z)2 + aﬂkz]'

&3(w) = &9 + (121)

(122)

xi(w) =—

In order to model the particles core we adopt the following parameters: q=—1.6x 107 C,m =9.1 x 1073 Kg,
g0 =8.85x 10712 F/m, wy = 100,000~ N=3.1x 10" m=3, k=5 x 10726 Ns/m,8 = 1 x 10725 N/m3 (arbitrary values used
just to give an example of application of the theory). For the matrix we assume a fixed real permittivity &; = 100gg and
for the shell a variable real permittivity —13 < log,p&, < —4. As before, we have used a volume fraction ¢ = 0.9 for the core
within each particle, and ¢ = 0.3 for the entire population of composite particles. The results are shown in Figs. 7 and 8 in
terms of logg €5, for two different frequencies w = 0.8wy and w = 1.2wy, respectively. It means that we analyse the behavior
of the system just before and after the resonance frequency wy. In both cases, we show in panels (a) and (b) the results for pro-
late particles and in panels (c) and (d) those for oblate particles. Moreover, in panels (a) and (c) we report the results for the
real and imaginary part of the linear permittivity €,7; and in panels (b) and (d) the real and imaginary part of the nonlinear
susceptibilities X; oy and x; of- Firstly, we observe that, although x; = x; in the nonlinear Drude-Lorentz model, the mixing
law previously obtained for the nonlinear response yields different values for x; .¢r and x; .y When the temporal dispersion is
actually present. Nevertheless, the differences between x; .sr and x, .ss are quite negligible, as it can be seen in Figs. 7 and 8,
panels (b) and (d). Therefore, also the whole system, when x; = x5, can be approximately described with a constitutive equa-
tion as in Eq. (10). We further observe that the limiting values lim,,_g Xerf = liMe,—c0 X r = O are always fulfilled also in this
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Fig. 8. Linear and nonlinear effective properties of the dispersion of composite particles with nonlinear dispersive cores described by Egs. (121) and (122).
Panels (a) and (b): linear and nonlinear results for prolate particles (axes as; = 3M — 2, a5, = 1, a3 = 1 with M = 1...10). Panel (c) and (d): linear and nonlinear
results for oblate particles (axes as; = 1,a5; =1, a3 = 1/(3M — 2) with M = 1...10). In all plots continuous curves represent the real parts while dashed one
the imaginary parts. Moreover, green curves concern the case with spherical particles. We considered a frequency @ = 1.2wy, after the resonance. We fixed
&1 = 100¢gp, c = 0.9 and ¢ = 0.3. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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case with dispersion, as expected. Finally, we remark that the amplification of the nonlinear properties when | €3 |< &1 is again
observed for oblate particles, as clearly visible in panel (d) of Figs. 7 and 8.

8. Conclusions

In this work, we considered the problem of homogenizing a population of randomly oriented coated ellipsoidal particles
from the dielectric point of view. We supposed to deal with linear responses for matrix and shells, while the cores have been
considered with a nonlinear behavior, expanded up to the third order in the electric field. Moreover, all constitutive equations
exhibit hereditary phenomena (the-so-called temporal dispersion). The problems introduced by such memory effects can be
handled by working in the Fourier domain, useful to describe a sinusoidal steady-state at a given frequency w. On the other
hand, the difficulties generated by the nonlinear behaviors have been overcome by proving that the electric field within the
cores remain uniform independently of their constitutive equations. Then, its value has been determined by solving an implicit
equation based on a frequency and field dependent permittivity tensor. Performing the averaging over the orientations and
over the heterogeneous material volume, we elaborated an effective medium theory, allowing the calculation of the linear and
nonlinear overall response. The originality of this procedure resides in the fact that we have combined (i) the randomness of the
orientations, (ii) the presence of an inter-phase between cores and matrix and, finally, (iii) the linear and nonlinear hereditary
response of the constituents.

Appendix A. A property of the normal unit vector to an ellipsoidal surface

We consider an ellipsoids with axes ay,a, and as described by the parametric representation x; = a;sintcosg, x, =
. . . . . . — -
a,sindsing and x5 = azcosty}, where 0 < ¢ < 27 and 0 < @ < . This representation can be written in compact form as r=r

(9, ¢) where T= (x1, X2, x3) is the position vector. Therefore, the normal unit vector may be calculated through the standard
expression

ar . or
— a5 N\ 55
A A (A1)
155 A 32|
v " 3
Performing the calculation we obtain
- 1 . . . .
n= (a2a35in*9 cosg. ajazsin®¥sing. a;a;sind cost). (A.2)
where A is given by
N = \/a%agsin“ﬁcoszgo +a2ajsin*¥sin* + aladsin®¥ cos?®. (A3)

Now, it is not difficult to develop the following two expressions

7 T cin29a2a2a?’ 2 T ' ‘
‘09 sin“dajazas iy sintta;ayas

where we have used Eq. (A.2) and the parametric representation of the ellipsoidal surface. The ratio between previous quantities
is therefore given by

3 3,2 .
Xin; X: sinda,aya
s 4l P 1003 (A.5)
a? a* N
j=1 7 j=1"J

Now, since we can easily verify that sinda;ayas /N = nkaﬁ /Xy, Yk, we finally obtain the interesting property

n, XJ"J/Z U Wk=1,2,3), (A.6)

which is valid for any point belonging to the ellipsoidal surface. This result has been exploited in Egs. (34) and (38), for the
core-shell interface and for the shell-matrix interface, respectively.
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