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In this Supplemental Material Section we present a Maple™™ code able to determine the linear
and nonlinear effective elastic moduli of a nonlinearly elastic composite cylinder. The code is
based on the solutions given in Eqs.(47)-(50) of the main text where the coefficients have
been renamed as follows for simplicity: d_s=M, d_;=H, d;=G, c_;=F, c;=N, c3=0Q,
b;=B, a;=A and a3;=W. By using the Kolossov-Muskhelishivili equations (see Eq.(25) of
the main text) we have successively determined the distribution of displacement within the
heterogeneous structure (variables uxl, uyl, ux2, uy2 in the code). Therefore, we
have straightforwardly calculated the strain components in the two phases (variables exx1,
eyyl, exyl, exx2, eyy2, exy2 in the code). In the following part of the code the
terms appearing in Egs.(66) and (67) have been implemented and all the integrals have been
calculated analytically by means of the standard use of the cylindrical coordinates (see Table I
for the names of variables in the Maple code). Finally, the linear mueff, keff and
nonlinear feff, eeff effective elastic moduli have been implemented through Eqs.(68)-
(71). The results are exact for any volume fraction p (over the range 0..1) of the core
(inhomogeneity of radius R) in the external shell (matrix of radius Rt). To conclude, we
remark that the code could be also used for verifying the second order expansions given in
Eqs.(72)-(75), valid for nonlinear tubes or nanotubes and the first order expansion given in
Eqs.(88)-(89) with all the coefficients reported in Appendix A.



Table I: Integrals appearing in Eqgs.(66) and (67) and corresponding names in The maple code
The complete expression of each integral can be found within the code.

Variable name

Integrals
{T\f AL } dﬂf intetrel
941
{Tr AL } dSC intetre2
Q9
/ Det [é\L(fﬂd,’f} intedetel
971
/ Det [éL (fﬂ df intedete2
(o
T\l"g [6L<fﬂ df intetrelcubo
951
T\I‘S [éL(fﬂ df intetre2cubo
2
1T [éL(fﬂ Det[éL( )}d:l_?’ intetrdetl
91
Lz intetrdet2
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chil:=1+2*mul/kl;chi2:=1+2*mu2/k2;

2ul
li=14+——
X kil
2 u2
2:=14+——
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phil:=N*z+F/z+Q*z"3;

F 3
0l:=Nz+—+0z
<
psil:=G*z+H/z+M/z"3;

H M

yl:=Gz+—+—

<z
N:=Nr:F:=Fr+I*Fi:G:=Gr+I*Gi:H:=Hr:Q:=Qr+I*Qi:M:=Mr+I*Mi:

phi2:=A*z+W*z"3;

> psi2:=B*z;

\%

02:=Az+WZ
y2:=Bz
B:=Br+I*Bi:A:=Ar :W:=Wr+I*Wi:
phill:=diff (phil, z):
phil2:=diff (phill, z):
phi2l:=diff (phi2, z) :
phi22:=diff (phi2l, z):
psill:=diff (psil, z):
psi2l:=diff (psi2, z):
z:=x+I*y;

zi=x+yl
depl:=((1/2/mul) * (chil*phil-z*conjugate (phill) -conjugate (psil)))
dep2:=((1/2/mu2) * (chi2*phi2-z*conjugate (phi2l) -conjugate (psi2)))

uxl:=Re (depl) assuming

(x, real,y, real,mul, real, mu2, real,  kl, real, k2, real,Nr, real,Fr, real
,Fi, real,Gr, real,Gi, real, Hr, real, Qr, real,Qi, real, Mr, real, Mi, real
,Br,real,Bi, real,Ar, real,Wr,real, Wi, real) :

uyl:=Im(depl) assuming

(x, real,y, real,mul, real, mu2, real,  kl, real, k2, real,Nr, real,Fr, real
,Fi, real,Gr, real,Gi, real, Hr, real,Qr, real,Qi, real,Mr, real, Mi, real
,Br,real,Bi, real,Ar, real,Wr,real, Wi, real) :

ux2:=Re (dep2) assuming

(x,real,y, real,mul, real, mu2, real,  kl, real, k2, real,Nr, real,Fr, real
,Fi, real,Gr, real,Gi, real, Hr, real,Qr, real,Qi, real, Mr, real, Mi, real
,Br,real,Bi, real,Ar, real,Wr,real, Wi, real) :

uy2:=Im(dep2) assuming



(x,real,y, real,mul, real, mu2, real,  kl, real, k2, real,Nr, real,Fr, real
,Fi, real,Gr, real,Gi, real, Hr, real,Qr, real,Qi, real, Mr, real, Mi, real
L ,Br,real,Bi, real,Ar, real,Wr, real, Wi, real) :
| > exx1l:=simplify (diff (uxl,x));

exx] =—(8ULFiy' X +4pl Fiy x—12ul Ora®y* + 1211 Orx* y* +18 pl Orx*»*
—Hr X kI Y +Hr kI y +4Gral kI y +6 Grx* kI y' + 18 kI Mry* x* — 12 kI Miy x°
+12kIMiy’ x—10kl Fry* X +8kl Fiyx’ =8kl Fiy x+12pul Qix y+48ul Qix' y’
+7201 Qi X’ Y +48 Ul Qix’ y' +4 Grx® kI y° —8 ul Nrx® y* — 12 ul Nrx*y*
-8 ul er2y6+2u1 Frx4y2—2u1 Frx2y4+4u1 Fiyx5+30k] er8y2+60k] er6y4
+ 60kl Orx* Y +30kl Qrx*y =181 Orx®y* — 10kl Frx*y* +12xpl Qi y’
-+6u1Qrf0+bhk]y6—3klﬂhjﬁ+2k]F?y6+(ﬁk]y&—2ulAWy&—2ulan
+6kIQry ' —3kIMrx'—Hrx’kl+Grx*kl+2ul Fra®—6ul Orx'*+6 kI Or x"
8 6 2 2 4
S 2uINe R 42k Fra®) S Qul k(P43 )
| > eyyl:=simplify(diff (uyl,y));
eyyl == (=8 UL Fiy’x’ —4pl Fiy’ x+12ul Qrx®y* =12 ul orx*y® = 18 ul Or x*»*
—er4k]y2+er2k]y4+4er6k]y2+6er4k]y4+18k]Mry2xz—12k]Miyx3
+12kIMiy’' x—10kl Fry' xX* +8kl Fiyx —8kl Fiy’x— 12l Qix’ y—48ul Qi x' y’
—-72ul Qix5y5—48u1 Qi)c3y7+4er2k]y6+8u1Nr)c6yz+12u1Nr)c4y4
+8UINr Y =2l Frx*y +2ul Frx®y ' —4ul Fiyx’ +30 kI Orx* y* +60 kI Qrx° y*
+ 60 k1 er4y6+30k] er2y8+18u1 er8y2—10k] Frx4y2—12xu1 Qiy9
-—6u1Qrf0+bhk]y6—3klﬂhjﬁ+2k]F?y6+(ﬁk]y&+2ulAWy&+2ulan
+6k]Qrf0—3k]Ahw&—bhx6k1+(hx8kﬁ—2ulF%fi+6ulQrf0+6k]erm
8 6 2 2 4
L2l Nrb + 2k Fra®) / (2ul ki (2 +y%) )
> exyl:=simplify ((diff (uxl,y)+diff (uyl,x))/2);
exyl =(6Qix"+2Fiy’+6Q0iy°+2Fix’+Giy'+Gix®*-3Mix*-3Miy' +18 Miy* x*
+30QU§%+4GUF%+4Cﬁfx@+6GUﬁf+25ny+4[ﬁx%ﬁ+25ﬁxf
+12er3y—12ery3+8Frxy5—lOFix4yz—10Fiy4xz+60Qix4y6+30Qix8y2
4
+600ix°y —8y Fra) / (2ul (X +y*) )
> exx2:=simplify (diff (ux2,x));
—6Wrx2k2—6Wry2k2+2|.L2Ar+6u2Wrx2—6u2Wry2—12].L2Wixy—Brk2
2 U2 k2

exx2 =

> eyy2:=simplify(diff (uy2,y));
6WrxX"k2+6Wry k2 +2 12 Ar+6 12 Wrx* —6 U2 Wry* — 12 u2 Wi x y + Br k2
2 U2 k2
> exy2:=simplify ((diff (ux2,y)+diff (uy2,x))/2);
6 Wiy*+Bi+6 Wix’
- 212

eyy2 =

exy2 :




> trel:=factor (simplify (subs (x=rho*cos (theta), y=rho*sin (theta), sim
plify (exxl+eyyl)))):

> tre2:=factor (simplify (subs (x=rho*cos (theta),y=rho*sin (theta), sim
plify (exx2+eyy2)))):

> detel:=factor (simplify (subs (x=rho*cos (theta), y=rho*sin (theta), si
mplify (exxl*eyyl-exyl”2)))):

> dete2:=factor (simplify (subs (x=rho*cos (theta), y=rho*sin (theta), si
mplify (exx2*eyy2-exy2.2)))):

> intetre2:=factor (simplify (int (int ( (tre2)*2*rho, theta=0..2*Pi), rh
0=0..R))) assuming(R>0, Rt>R);

2TRPBR WA +3R* Wit +2 A7)

k2’
> intetrel:=factor (simplify (int (int ((trel)*2*rho, theta=0..2*Pi), rh
o=R..Rt))) assuming(R>0, Rt>R);

intetrel :=2m (Rt —R) (R+Rt) B3RP R* O +3R°R* Qi* +3R*R* 0" + 3 R* R* 0/
+6RFR*FiQi—6RPAR* QrFr+2RERP NP +3RAR O +3RAR® Qi2+Fr2+Fi2)/(
R*kI* RF)

> intedete2:=factor (simplify (int (int (dete2*rho, theta=0..2*Pi), rho=

0..R)));

intedete2 := w R* (6 R* u2> Wi — 12 R* Wi k2> + 6 R* n2° Wi* — 12 R* k2° Wi

— 6 k2> R* Wr Br— 6 k2° R* Wi Bi + 4 2% Ar* — BF* k2> — k2> Bi%) / (4 12% k2%)
> intedetel:=factor (simplify (int (int (detel*rho,theta=0..2*Pi), rho=
R..Rt))) assuming(R>0, Rt>R);

intedetel :=— 1 (Rt —R) (R+ Rt) (6 R® R® k1> Gr Qr + 6 Ri* R® kI* Gi Qi
+12 R R® Fr Qr u1” = 12 R® R® Fi Qi u1”> + 6 R® R® kI* Gr Or + 6 Ri® R® kI* Gi Qi
—6 R kI* FiMi R* — 6 R{' kI* Fr Mr R* — 6 R" R* k1> Fi Mi — 6 R R" kI* Fr Mr
+ 12RO R 0 k1> + 12 R1'OR® Qi k1* — 6 R*'° R® 0r* u1* — 6 Rt'° R® 0i* u1°
+12RA R 0 k1> + 12 R R® Qi k1* — 6 R R® 0r* u1” — 6 R R® Q% u1” + R® R® G2 k1*
+ROR G kI* =4 RO RO NP n1* + 12 RO R 0 kI* + 12 RO R" Q% k1I?
—6RCR QP u1* =6 RO R Qi* u1* + R HA KI* R* + 4R Fi kI* R* + 4 R FP kI* R
—2RAFAUI R =2 RA FPA > R + 3 RA R M© kI + 3 R R* Mi* kI + 3 R* Mr~* k1I?
43R MK+ 3R M kIR +3 R MA kDY) /(4 RO wi? k1P RE)
> intetrelcubo:=factor (simplify (int (int ((trel)*3*rho, theta=0..2*Pi
) ,rho=R..Rt))) assuming(R>0, Rt>R);

intetrelcubo := 4 Nr (Rt —R) (R+Rt) (9 R®R* O + 9 RP° R* Qi* + 9 R* R* 0/
+9R R Qi*— 18 RF R* Qr Fr+2 R" R* Nr* + 18 R R* Fi Qi + 9 RF" R® Or* + 9 R* R° O/
+3Fi*+3F7) / (R kI’ RP)

> intetre2cubo:=factor (simplify (int (int ((tre2)*3*rho,theta=0..2*Pi
) ,rho=0..R))) assuming(R>0, Rt>R);

intetre2 =




4ArnRP(OR* Wi +9R* W + 2 Ar%)

I k2
| > intetrdetl:=factor (simplify (int (int ( (trel*detel) *rho,theta=0..2%*
Pi) ,rho=R..Rt))) assuming(R>0, Rt>R);

intetrdet] :== — (Rt — R) (R + Rt) (=6 Rt* R kI* Nr Fi Mi — 6 Ri* R* k1> Nr Fr Mr
— R R* Fi Hr Mi kI* — RF* R* Fr Hr Mr kI* + 6 R® R® kI* Nr Gi Qi + 6 R R® kI* Nr Gr Or
— 3 R R® Qi Gi Hr kI* + 36 R©® R® Nr Fr Qr u1° = 3 R©® R® Qr Gr Hr kI?
— 36 R® R® Nr Fi Qi u1° + 6 R® R® kI* Nr Gi Qi + 6 R R® k1*> Nr Gr Qr
— Ri* Fi Gi Hr kI* R* + Ri* Fr Gr Hr kI* R* + 9 R* Qr Hr Mr kI* R* — 9 Ri* Qi Hr Mi kI* R*
— 6 R kI> Nr Fi Mi R* — 6 Ri* kI> Nr Fr Mr R* + Nr Hr* kI* R* Rf* — R* Fi Hr Mi kI’
— R* Fr Hr Mr k1* = 18 Rt R® Nr Qi* p1° — 18 R"° R® Nr 0r* u1” + 12 Ri'° R® Nr Qi* k1?
+ 12 Rt" R® Nr * k1* — 9 R® R® k1* OF* Hr — 9 Rf® R® k1* Qi* Hr — 18 R® R® Nr Qi* u1°
— 18 R® R* Nr 0r* u1” + 12 R R® Nr Qi* k1* + 12 R R® Nr Qr* kI* + R® R® Nr G* kI*
+ R® R® Nr Gi* kI* = 9 R® R k1* OF* Hr — 9 R® R® k1” Qi* Hr — 18 RI® R' Nr Qi* u1°
— 18 R R" Nr 0#* u1”> + 12 R R' Nr Qi* k1* + 12 R® R' Nr Q/* kI* - 6 Ri* Nr Fi* p1° R*
+4 Rt* Nr FP kI R* = 6 Ri* Nr Fr* n1> R* + 4 Rt* Nr Fi* kI* R* + Rt k1* Fr* Hr R*
+ Ri* kI* Fi* Hr R* — Rt Fi Hr Mi kI* — Rt* Fr Hr Mr kI* + 3 R* R* Nr Mr* kI*
+3 R R Nr Mi® kI* + R R* kI Fr* Hr + R* R kI* Fi* Hr + 3 Ri* Nr Mi* kI’
+3 R Nr My kI? + 3 R* Nr M kI* + 3 R* Nr Mr? k1% — 4 R NP wi* RE®) /(2 R® kI i
. R
> intetrdet2:=factor (simplify (int (int ( (tre2*dete2) *rho, theta=0..2%*
Pi) ,rho=0..R))) assuming(R>0, Rt>R);

intetrdet2 := Ar t R* (=12 R* Wr* k2> = 12 R* k2* Wi* + 18 R* n2” Wi* + 18 R* u2* i

— 6 k2° B> Wr Br— 6 k2 R® Wi Bi + 4 u2*> Ar* - B k2> —k2* Bi%) / (2 k2° u2%)
> ene:=simplify((1/2)* (kl+mul) *intetrel-2*mul*intedetel+ (1/2) * (k2+
mu2) *intetre2-2*mu2*intedete2) :
> ene2:=simplify(3* (el+£fl) *intetrelcubo-6*el*intetrdetl+3* (e2+£f2) *
intetre2cubo-6*e2*intetrdet2) :
> c:=R*"2/Rt*2;

intetre2cubo =

R?

Rf

> Ar:=(epsilonll+epsilon22) * (chil+l)/((2*c+chil-1) * (chi2-1) /mu2+2*
(1-c) *(chil-1) /mul) :

> Nr:=(epsilonll+epsilon22) * (mul/mu2* (chi2-1)+2)/((2*c+chil-1) *(ch
i2-1) /mu2+2* (1-c) * (chil-1) /mul) :

> Hr:=2*c* (epsilonll+epsilon22) * (chil-1-mul/mu2* (chi2-1))/((2*c+ch
il-1) *(chi2-1) /mu2+2* (1-c) * (chil-1) /mul) *Rt*2:

> alpha:=(chil/mul-chi2/mu2)-chil* (1/mul+chi2/mu2) /c*3:

beta:=(chil/mul+l/mu2)-chil*c* (1/mul-1/mu2) :

C =

a1 T
A



provacmu:=(1/mul-1/mu2) *mul* (epsilonll-epsilon22+2*I*epsilonl2) *
R*2/(-3*(1/mul+chi2/mu2) * (1/mul-1/mu2) * (1-1/c) *2/alpha-beta) :
Fr:=Re (provacmu) assuming

(mul, real,mu2, real, kl, real, k2, real,epsilonll, real, epsilon22, real
,epsilonl2, real,R, real,Rt, real):

Fi:=Im(provacmu)assuming

(mul, real,mu2, real, kl, real, k2, real,epsilonll, real, epsilon22, real
,epsilonl2, real,R, real,Rt, real):
provac3:=-conjugate (provacmu) * (1/mul+chi2/mu2) * (1-1/c) /alpha/R"4
assuming

(mul, real,mu2, real, kl, real, k2, real,epsilonll, real, epsilon22, real
,epsilonl2, real,R, real,Rt, real):

Qr:=Re (provac3) assuming

(mul, real,mu2, real, kl, real, k2, real,epsilonll, real, epsilon22, real
,epsilonl2, real,R, real,Rt, real):

Qi:=Im(provac3)assuming

(mul, real,mu2, real, kl, real, k2, real,epsilonll, real, epsilon22, real
,epsilonl2, real,R, real,Rt, real):
provadm3:=chil*conjugate (provac3) *Rt*6+ (provacmu) *Rt*2 assuming
(mul, real,mu2, real, kl, real, k2, real,epsilonll, real, epsilon22, real
,epsilonl2, real,R, real,Rt, real):

Mr :=Re (provadm3) assuming

(mul, real,mu2, real, kl, real, k2, real,epsilonll, real, epsilon22, real
,epsilonl2, real,R, real,Rt, real):

Mi:=Im(provadm3)assuming

(mul, real,mu2, real, kl, real, k2, real,epsilonll, real, epsilon22, real
,epsilonl2, real,R, real,Rt, real):
provadl:=chil*conjugate (provacmu) /Rt*2-3* (provac3) *Rt*2-mul* (eps
ilonll-epsilon22-2*I*epsilonl2) assuming

(mul, real,mu2, real, kl, real, k2, real,epsilonll, real, epsilon22, real
,epsilonl2, real,R, real,Rt, real):

Gr:=Re (provadl) assuming

(mul, real,mu2, real, kl, real, k2, real,epsilonll, real, epsilon22, real
,epsilonl2, real,R, real,Rt, real):

Gi:=Im(provadl) assuming

(mul, real,mu2, real, kl, real, k2, real,epsilonll, real, epsilon22, real
,epsilonl2, real,R, real,Rt, real):
provaa3:=provac3* (l+chil/c”*3) -conjugate (provacmu) * (1-1/c) /R*4
assuming

(mul, real,mu2, real, kl, real, k2, real,epsilonll, real, epsilon22, real
,epsilonl2, real,R, real,Rt, real):

Wr:=Re (provaa3) assuming

(mul, real,mu2, real, kl, real, k2, real,epsilonll, real, epsilon22, real
,epsilonl2, real,R, real,Rt, real):

Wi:=Im(provaa3)assuming

(mul, real,mu2, real, kl, real, k2, real,epsilonll, real, epsilon22, real



,epsilonl2, real,R, real,Rt, real):
> provabl:=conjugate (provacmu) * ( (4-3/c) /R*2+chil/Rt*2) -3*provac3* (
Rt*2+chil*R”*2/c”*3) -mul* (epsilonll-epsilon22-2*I*epsilonl2)
assuming
(mul, real,mu2, real, kl, real, k2, real,epsilonll, real, epsilon22, real
,epsilonl2, real,R, real,Rt, real):
> Br:=Re(provabl)assuming
(mul, real,mu2, real, kl, real, k2, real,epsilonll, real, epsilon22, real
,epsilonl2, real,R, real,Rt, real):
> Bi:=Im(provabl)assuming
(mul, real,mu2, real, kl, real, k2, real,epsilonll, real, epsilon22, real
,epsilonl2, real,R, real,Rt, real):
> kk1l:=10;kk2:=30;mumul:=15;mumu2:=20;eel:=1;ee2:=3;ffl:=4;£f£f2:=2;
kkl :=10
kk2 =30
mumul =15

mumu?2 =20

eel =1
ee2 =3
Il =4
2:=2

> enel2:=factor (simplify (subs (epsilonll=0, epsilon22=0,epsilonl2=1,
k1l=kkl, mul=mumul, k2=kk2, mu2=mumu2, R=p” (1/2) ,Rt=1,ene))):

> enell:=factor (simplify (subs (epsilonll=1, epsilon22=0,epsilonl2=0,
k1l=kkl, mul=mumul, k2=kk2, mu2=mumu2, R=p” (1/2) ,Rt=1,ene))):

> mueff:=factor (simplify (enel2/ (2*Pi))) ;keff:=factor(simplify(2*en
ell/ (Pi) -mueff));

15(9 p* +204 p* — 66 p> — 11 p — 836)

mueff = — 3 5 .
204 p”+66 p~—209p + 836 +36p
302p+3
keff = P EI)
4p-9

> enex:=factor (simplify (subs (epsilonll=1,epsilon22=0,epsilonl2=0,k
1=kkl, mul=mumul, k2=kk2, mu2=mumu2, el=eel, e2=ece2, f1=£f£f1, £2=ff2, R=p
~(1/2) ,Rt=1,ene2/Pi/3))):

> eney:=factor (simplify (subs (epsilonll=1,epsilon22=1,epsilonl2=0,k
1=kkl, mul=mumul, k2=kk2, mu2=mumu2, el=eel, e2=ece2, f1=££f1, £2=£ff2, R=p
~(1/2) ,Rt=1,ene2/Pi/12))):

> feff:=factor (simplify (eney—enex)) ;eeff:=factor (simplify (2*enex-e
ney));

j@ﬁf=-—(—12789117151f-+4955434141fﬁ—1180260910417—-44269374381ﬁ

+ 3883438185 p* + 5456854249 p* + 8151922944 + 2957400 p° + 3189456 p'°

2
— 184829364 p’ — 24993027 p*) / (4 (=204 p> +66 p° =209 p+ 836 +36p") (4p—9))



eeff := 3 (74223 p* + 606756 p’ — 1633830 p° + 196071 p° — 1992485 p* + 7256282 p°
— 1521091 p* — 1548800 p — 4193376) / (2 (4p—9)

2

L (=204 p°+66p* =209 p+836+36ph))
| > plot ({mueff,6 keff},p=0..1);

30+

251
20+

15

10_ ‘ . . ; : . r T T T T T 1
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"> plot ({eeff, feff},p=0..1);
45, P —
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