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Abstract Representing polymers by random walks on a lattice is a fruitful approach largely exploited to study
configurational statistics of polymer chains and to develop efficient Monte Carlo algorithms. Nevertheless,
the stretching and the folding/unfolding of polymer chains within the Gibbs (isotensional) and the Helmholtz
(isometric) ensembles of the statistical mechanics have not been yet thoroughly analysed by means of the lattice
methodology. This topic, motivated by the recent introduction of several single-molecule force spectroscopy
techniques, is investigated in the present paper. In particular, we analyse the force—extension curves under
the Gibbs and Helmholtz conditions and we give a proof of the ensembles equivalence in the thermodynamic
limit for polymers represented by a standard random walk on a lattice. Then, we generalize these concepts for
lattice polymers that can undergo conformational transitions or, equivalently, for chains composed of bistable
or two-state elements (that can be either folded or unfolded). In this case, the isotensional condition leads to a
plateau-like force—extension response, whereas the isometric condition causes a sawtooth-like force—extension
curve, as predicted by numerous experiments. The equivalence of the ensembles is finally proved also for lattice
polymer systems exhibiting conformational transitions.

Keywords Polymer lattice models - Polymer stretching - Isotensional and isometric ensembles - Ensemble
equivalence - Lattice Green functions

1 Introduction

Several modelling approaches have been introduced to describe the physics of macromolecules. Concisely,
such models can be classified as off-lattice polymer models [1,2] and lattice polymer models [3,4]. While
off-lattice models refer to all the continuous models represented by arbitrary interaction potentials between
the monomers or elements of the chain, lattice models consider the chains embedded in regular lattices and
can be viewed as coarse-grained versions of continuous polymer models. Typically, off-lattice models have
been introduced to approach theoretical problems [5,6], whereas lattice methodologies are more indicated for
simulations [7,8].

An important example of lattice model implementation is represented by the so-called directed walks [3].
They are defined as random walks making only steps that have non-negative projection on a given preferential
direction. For example, they are useful to model polymers immersed in a flow or charged polymers exposed
to an electric field. A relevant generalization concerns the directed walks in random environment, useful to
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simulate real polymers in random media and to develop several applications in general statistical mechanics
[91.

A second example of lattice systems is given by the self-avoiding walks. They represent polymers immersed
in a solvent. Here the monomers of the chain are favourably surrounded by molecules of the solvent, thus
creating the so-called excluded volume phenomenon [10]. Remarkably, these models have a formal relation
with the physics of critical phenomena. Indeed, self-avoiding walks exhibit the same properties of a magnetic
system near its critical point [11].

In recent years, the mechanical response of single polymer chains or macromolecules of biological origin
has been extensively examined through atomic force microscopes, laser optical tweezers, magnetic tweezers
and other micro-electro-mechanical systems, which are able to stretch individual molecules by probing forces
and extensions [12-14]. The direct quantification of the elasticity of single molecules (force spectroscopy)
allowed to investigate for the first time the thermodynamics and the statistical mechanics of small systems
[15,16]. Such experimental activities have encouraged the improvement in theoretical approaches to describe
the thermoelastic properties of polymer chains. Classical examples of off-lattice models are given by the freely
jointed chain model [1,17], the worm-like chain model [18,19] and several advanced generalizations [20-25].
The utilization of lattice polymer models for studying the chain stretching configuration is the subject of the
present work, where we consider both the Gibbs and the Helmholtz ensembles of the statistical mechanics.

As a matter of fact, the stretching of a polymer chain can be performed within two distinct statistical ensem-
bles and the different thermoelastic responses can be easily observable at both theoretical and experimental
levels. The first ensemble is the so-called Gibbs (or isotensional) ensemble, characterized by a deterministic
force applied to the free end of the chain, being the other end clamped at the origin of the axes. The second
one is the Helmholtz (or isometric) ensemble, obtained with both the ends of the polymer tethered at two
different points of the space. Because of the consideration of these two dual boundary conditions, one has
to introduce the issue of the equivalence of statistical ensembles. It means that, when the thermodynamic
limit is not satisfied (small number m of monomers), the two ensembles are not equivalent, leading to different
force—extension curves [20,21]. On the other hand, whenever m approaches infinity, it is important to elucidate
whether the equivalence of ensembles occurs or not. Several results confirm the equivalence of the ensembles
in the thermodynamic limit for off-lattice or continuous polymer systems [26,27]. Here, we will prove that
this property holds on also for lattice polymer models.

In many cases of practical interest, the macromolecule stretching leads to the process of unfolding, corre-
sponding to the conformational transition of the domains from the folded state to the unfolded one [28,29]. It
means that each domain can switch its state between two metastable chemical configurations. This point can
be described by a potential energy function composed of two minima, thus exhibiting a mechanical bistability.
The measure of the force—extension curve with different devices can situate the experiment either within the
Gibbs (soft device) or the Helmholtz (hard device) ensemble. Typical measured force—extension curves are
shown in Fig. 1 for the two ensembles. The Gibbs response exhibits a plateau-like shape and can be interpreted
by supposing that the conformational change occurs simultaneously for all the domains at a given threshold
force (cooperative process) [28,29]. On the other hand, the Helmholtz response shows a sawtooth-like curve,
proving that the domains unfold sequentially in reaction to the increasing extension (non-cooperative process)
[28,29]. This complex scenario, already investigated and confirmed through experiments [30,31] and theories
[32-34] for off-lattice models, is studied in the present paper by means of lattice models. In particular, we
obtain the mathematical form of the force—extension curves in both ensembles, we prove the qualitative agree-
ment with the responses shown in Fig. 1, and finally, we rigorously demonstrate the ensembles equivalence in
the thermodynamic limit.

A relevant dissimilarity between the Gibbs and Helmholtz needs to be discussed in more detail. Under
isotensional conditions the elements of the chain behave independently, thus generating a partition function
that is a power of a given quantity, being the exponent equal to the total number m of monomers. On the
other hand, the partition function under isometric conditions cannot be written in a mth power form since the
peculiar boundary conditions imposed generate an interdependence among the lengths of elements, ultimately
representing an effective interaction. It is important to stress that this interaction is not a real physical interaction
among neighbouring elements, but rather a resulting interaction induced by the isometric prescription. It is a
typical effect of the statistical mechanics of small systems. From the mathematical point of view, this point can
be observed in the large complexity of the Helmholtz partition function calculation with respect to the Gibbs
one. For continuous or off-lattice polymer models this issue is typically dealt with by means of the Laplace
transform relationship existing between the Gibbs and Helmholtz partition functions [34]. Here, differently,
the Helmholtz partition function has been obtained through a lattice Green function, which allows for the
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Fig. 1 Single-molecule stretching experiments conducted within the Gibbs (a) and the Helmholtz (b) ensembles. Each domain of
the chain may experience a conformational transition between folded (length ¢) and unfolded (length x¢) states. The measured
force—extension curve under isotensional Gibbs conditions exhibits a force plateau describing the simultaneous unfolding of the
domains. On the other hand, the isometric Helmholtz conditions produce a sawtooth-like response characterized by a series of
force peaks corresponding to the sequential unfolding of domains

path counting on the lattice. Also for the case with conformational transitions, an ad hoc generalized lattice
Green function has been introduced to identify the Helmholtz partition function. Being, in general, the lattice
Green function written in the form of a multiple integral, the analysis of the ensembles equivalence has been
approached by a suitable asymptotic technique, namely the multivariate saddle point method. This approach
permitted the analysis of the thermodynamic limit for both systems without and with conformational transitions.

It is important to remark that the conformational transitions introduced here to model the folding/unfolding
processes in macromolecules are also able to describe the discrete phase transformations observed in several
biological and non-biological systems such as macromolecular hairpins, adhesive clusters, ferromagnetic
alloys, indented substrates and plastic materials [35,36].

The structure of the paper is the following. In Sect. 2, we review the problem of the path counting on a
d-dimensional lattice, useful for the successive developments. In Sects. 3 and 4 we introduce the Gibbs and
the Helmholtz ensembles, respectively. Then, in Sect. 5, we prove the ensemble equivalence for long chains by
means of an ad hoc application of the multivariate saddle point method. To conclude, in Sect. 6, we generalize
previous concepts to the case of lattice polymers undergoing conformational transitions, i.e. characterized by
two-state or bistable elements. In this case, both statistical ensembles and their equivalence are relevant for
the interpretation of several force spectroscopy experiments, as thoroughly discussed herein. Finally, three
appendices contain some detailed mathematical developments.

2 Path counting on the Z" lattice

We take into consideration a regular Z" lattice, and we consider the analogy between random paths and polymer
chains. Based on this formal analogy, we develop our discussion using both the terminology of random paths
and of polymer chains. The position within the lattice is specified by the vector x € Z". We consider a random
path starting at the origin of the axes, and we define P, (x) as the probability to arrive in X at the step (or time)
m. In order to obtain a general equation governing the dynamics of P, (x), we use the law of total probability
in the form P(B) = Z],'V:1 P(B | Aj))P(A;), where B is an event B C £2 (where §2 is the sample space)
and {A;,i=1,...,N}isa partition of £2 [37]. Moreover, P(B | A;) are the conditional probabilities. We
identify the event B with the condition of being in x at time m + 1. Moreover, we identify the events A; with
the condition of being in a given lattice position at time m. Finally, P(B | A;) is equal to 1/(2n) (the reciprocal
of number of directions in Z") for isotropic processes if the position of the site defining A; is adjacent to x and
equal to zero for non-neighbouring sites. The above-introduced law of total probability immediately leads to
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1 n
Pu1(0) = 2= 3 [Pn(x =€) + P (x+ )], (1
i=1

where the vectors e; represent a canonical base in Z". This evolution equation can be solved by imposing an
arbitrary initial condition Py(x). Often, we will adopt the condition Py(x) = §(x) (discrete Delta function)
if we start the random path at the origin of the axes or, equivalently, if the polymer is tethered at x = 0. We
define the generating function P(X, z) as follows

+00
Px,2) =) Pu(x)z", )
m=0

where x € Z" and z € C. It can be also view as the z-transform of the sequence P,,, where x is considered as
a parameter [38]. By applying Egs. (2)—(1), we easily develop an equation for the generating function

ZP(x,2) — Z % [P(x —e;,2) + P(x+ e, 2)] = zPo(x), 3)
i=1

where, as above said, we will consider Py(x) = &(x). In order to obtain an explicit solution of Eq. (3), we
suppose to use the numbers P(x, 7)Vx € Z" as the Fourier coefficients of a periodic function f defined in
[—m, )" C R". Hence, we define f(k,z) = Y .y P(X, 2)e KX withk € [—7, 7]" C R". So, we have
the Fourier coefficients defined through the classical expression

+ +7 .
P, z) = / e £k, z)e'**dk. (4)

—7T —7T

Q2m)"

If we now apply the operator Y_ _,, e KX to the shifted terms of Eq. (3), we obtain Y, ;. P(x+e;, 7)e kX =
etik-ei f (K, z). Thus, from Eq. (3) with Pyp(x) = 4§(x), we finally get the periodic function as f(k,z) =
1/ (1 - % Yo cos k,-), and the solution of Eq. (3) reads

1 +r + ek Xdk
P = [ . 5
(. 2) Qo ), P n—lz ", cosk; ©)

The previous expression is related to the so-called lattice Green function, which is of frequent occurrence in
many lattice statistical problems with isotropic or anisotropic nearest-neighbour interactions [39—41]. This
formalism is also largely used to model disordered resistors networks, which represent a very useful tool to
model transport phenomena in heterogeneous or composite physical systems [42—45].

Now, since P(X, z) = :;OZOO P, (x)z™™, we explicitly determine P, (x) by remembering that for | z |> a
the following relation [38]

1 +o0
——=>a"z" (z]>a) (6)
=0

l—az7 !
m=

holds true. It represents the z-transform of the sequence a” Vm € N [38]. Indeed, the application of this
property to Eq. (5) yields the result

1 + + o 1 n m
P, (x) = ) / / e p E cosk; | dk. @)
- - i=1

This is the probability of finding the random path starting from 0 at the position x after m steps. For the
following purposes, it is important to remark that this probability is equal to the ratio between the number of
paths from 0 to x and the total number of paths starting from 0 and arriving at any point (both composed of m
steps). This property simply derives from the classical definition of probability [37]. Since the total number of
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paths starting from 0 and composed of m steps is given by (2n)™ (if we work in Z"), we can easily obtain the
number of paths from 0 to x with m steps. We name this number Helmholtz partition function, and we have

+r n "
elkx Z cosk; | dk. (8)
- i=1

The origin of this terminology will be elucidated in a following section.

Finally, we have obtained the number of paths on an rn-dimensional lattice connecting 0 to x with m steps. In
other words, we have solved the problem of counting the number of paths or polymer configurations connecting
two points in Z", having a fixed number m of segments.

+
Zu(x) = (2n)" Pp(x) =

3 The Gibbs ensemble: isotensional conditions

We consider a polymer with m segments randomly arranged on the Z" lattice, each of length £. We suppose to
apply a force f to the last element of the chain when the first element is tethered at the origin of the axes. The
positions of the elements are X1, .. ., X,;, and the Hamiltonian of the system is simply given by the potential
energy of the applied force

H=—-f-x,. ©
Each segment of the lattice polymer is represented by a vector £o;Vi = 1, ..., m, the vectors ¢; assuming
their values from the set ® = {£er, k =1,...,n}, which represents the standard base in Z", extended
to both positive and negative elements. Besides, X' is the sequence (o1, ..., 0,,), characterizing the actual

configuration of the polymer. Of course, we have x,, = £ ) ;.| ¢;. The canonical distribution within the Gibbs
ensemble is then given by

1
Po(X¥ )_Z—(f) p(kBT Zaz) (10)

where the partition function Zg can be defined as follows

Zg(®) = Z exp <—f Za,). (11)

Yef2

Here, 2 = {¥Y : ¥ = (01,...,0,m),0; € OVi} is the sample space, i.e. the set of all the possible polymer
configurations. The calculation of Zg follows

Zg(f) = Z Z exp (—f al> X+ -+ X exp (%f«rm)

010  oped B

Son(iro)| < [Sen ()] .

It is important to remark that within the Gibbs ensemble the elements of the chain do not interact and this point
leads to a partition function which is in the form of a power with exponent m. The partition function allows
the determination of the constitutive equation of the system through the relation

(Xm) —kBTﬁlog Zg(f) _kBTZa_f,log Zg (e, 13)

which is largely used in the classical theory of polymer stretching [1,2,20,22]. The explicit calculation simply
gives

(14)
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This is the force—extension relation within the Gibbs ensemble or, equivalently, under isotensional conditions.

We remark that the obtained constitutive equation is anisotropic, which means that the average value of
the free end-terminal vector position is not parallel to the applied force, unless the force is applied along one
axis of the reference frame. This represents an effect introduced by the polymer lattice systems, which must
be carefully considered when we use these models to approximate real continuous polymer structures [46].
The comparison between continuous and lattice models for polymers has been widely investigated in literature
[47,48].

4 The Helmholtz ensemble: isometric conditions

We now consider a chain of segments with fixed extremities at 0 and x (isometric conditions) on the Z" lattice.
Once fixed these two boundary conditions, the system is completely free to fluctuate. Since the potential energy
of the system is zero, the partition function is given by Eq. (8) and it represents the number of possible paths
connecting 0 to x on the Z" lattice. We remark that x € Z" and, therefore, the actual physical position of
the second end-terminal is given by x,, = £x. The canonical distribution within the Helmholtz ensemble is
therefore given by

1

Pu(®) = .

15)

where ¥ € 20 = {X = (01,....0) € 2: Y /-, 6; = x}. It means that we have a uniform distribution of
probability among all paths connecting the two fixed extremities. Therefore, we can also observe that Zy(x) is
simply the number of elements of the set £2p. So, we remark that the path counting on the Z" lattice is of central
importance to study polymers within the Helmholtz ensemble. It is also interesting to note that the partition
function obtained in Eq. (8) cannot be written as a power with exponent m. It means that within the Helmholtz
ensemble there is an effective interaction among the elements. The origin of this interaction is not explicitly
defined in the potential energy of the system (as, for example, in the classical Ising model), but comes from
the specific boundary conditions characterizing the Helmholtz ensemble. In the classical theory of polymer
stretching, the isometric conditions lead to [1,2,20,22]

9 "9
(f) = —kpT — log Zu(x) = —kgT »_ — log Zu(x)e;, (16)
ox P 8x,~

which is the dual counterpart of Eq. (13). It means that the Helmholtz conditions, fixing the extremities of
the chain, are at the origin of a so-called entropic force, actually applied to the physical constraints tethering
the polymer. In our case, the polymer configuration is defined on a lattice and therefore Zy(x) is defined for
x € Z". Then, the derivatives in Eq. (16) must be substituted with a finite difference, as follows

n

. kgT Zy(x —¢;)
0 =S 218 7 e

€. a7)

This expression represents the force—extension relation for a polymer on the lattice, where the partition function
is given in Eq. (8). The choice of substituting the derivative with the finite difference is further justified below
by considering the comparison of Egs. (14) and (17) for large values of m, i.e. in the thermodynamic limit.

5 The thermodynamic limit

Now, we want to compare the force—extension relation within the Gibbs and the Helmholtz ensembles for large
values of m. We therefore investigate the equivalence of the ensembles in the thermodynamic limit (i.e. for
m — 00). As usual, we say that the ensembles are equivalent if the two force—extension responses coincide
in the limit of m — oo. This property has been largely discussed for continuous polymer models in recent
literature and we try to extend here these results for polymers models defined on the Z" lattice. The difficulty of
this analysis resides in the fact that while the Gibbs force—extension relation is known in closed form as given
in Eq. (14), its Helmholtz counterpart, stated in Eq. (17), is written in terms of the ratio of two n-dimensional
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integrals, which cannot be calculated analytically, see Eq. (8). In order to study the behaviour of Eq. (17), we
can write

Zm—)’L
Zu(xte) = -2 (), (18)
n}’l
where we introduced the two quantities
+ + n
ZEx) = / / exp (ik - x) exp (£ ik - e;) exp mlochoski dk. (19)
-7 -7 i=1

Here, x € Z" and, therefore, we have that x,, = £x € R" is the real end-terminal of the chain. We define the
normalized length y = x,,,/(m¥) and then we simply have that x = my. So, in terms of the normalized length,
we have

+m +m n
Zi(y) =/ / exp | m ik-y—i—lochoski exp (£ ik - ;) dk. (20)
- - i=1

It is also useful to define a normalized force through the relation n = ké—fT. So doing, the force—extension
relations can be written in terms of the normalized quantities y and 7. In particular, the response within the
Gibbs ensemble given in Eq. (14) assumes the simpler form

y) = : 21
> cosh (n;)
On the other hand, the constitutive equation within the Helmholtz ensembles given in Eq. (17) reads
IRNP-20)
() =D log — " (22)

i=1

where Z(y) and Z~ (y) are given in Eq. (20). In order to better understand the relationship between Egs. (21)
and (22), we suggest to elaborate Eq. (20), as follows. First of all, we change the variables of integration
according to z; = exp(ik;). So doing, when —m < k; < +m, the complex variable z; assumes the values on

the unit circle | z; |= 1. This change of variable yields k; = —i logz;, cosk; = % (Zi + ) and dk; = ldy

1
Zi U Zj
Therefore, Eq. (20) assumes the new form

1 n n 1 1 n -
ZE(y) = o 7% e exp im |:Z yilogzi + logz 2 (zi + Z—)} } ziﬂ sz ldz, (23)
= i=1 i=1 k=1

i

where the integral is performed over the collection of 7 unit circles in C" (n-fold product of contours in the
complex planes). Since the only singular points of the function within the integralare z; =0 Vi =1, ..., n, the
contours can be freely modified on the complex planes, provided that they are always closed paths containing
the origin of the axes. This possibility will be exploited to adopt an asymptotic technique to evaluate the
integrals for large values of m. In particular, we will adopt the multivariate saddle point method [49-52]. The
integral to study is of the form

In = / f(@)exp[msS (2)] dz, (24)

MccCn
where z = (z1, ...,2,) € C" and f(z) and S (z) are holomorphic functions over I" C C" (with M C I"). We
give here the main result of the multivariate saddle point method. We suppose that a pointzg = (zo1, . - ., Z0n) €

M exists such that:

1. z is a non-degenerate critical point (or saddle point) for S(z), which is to say that S'(zg) = 0 and

det[S” (zo)] # 0, where S'(z) = (BBS—Z(IZ) e %ﬂ?) and S”(z) is the complex Hessian matrix containing
3°S(z) .

. . . voos
the mixed derivatives, i.e. Sij (z) = 95,02,
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2. the quantity maxzcy Ne {S(z)} is attained at zy € M (with zg interior point of M).

If these conditions are satisfied, we have the asymptotic representation of the integral in Eq. (24), as follows

2 \"/? e -1/2
In >~ o exp [mS(z0)] f (zo) {det [—S"(z0)]} , (25)
where, if necessary, the last term can be directly evaluated by means of the eigenvalues u; (Vj = 1,...,n)
of the matrix S (zg)
1/2 i« .
- -1/2

{det[-8" @]} =exp | =3 Z; arg(— 1) 1"[1 |y 17172 (26)

j= =

For the application of the theorem, we have firstly to solve the equation $’(zg) = 0 in order to find the critical
or saddle point of the function S. Then, we have to modify the contours on the complex planes in such a way
that they pass through zg. To do this, we have also to fix the direction of the path at the critical point. We adopt
the following procedure. Since S(z) is an holomorphic function, the real and imaginary parts Jie {S(z)} and
Im {S(z)} are harmonic functions and, therefore, the critical points are necessarily saddle points (or minimax
points) for Ne {S(z)} and Im {S(z)}. It means that on each complex plane there is a direction, passing through
the critical point, where e {S(z)} has a maximum point and at the same time Im {S(z)} is constant. This
is exactly the direction that we must choose for the modified paths, passing through the critical point. Once
deformed the n-fold product of contours in the complex planes as described above, the conditions of the
multivariate saddle point method are satisfied and Eq. (25) can be used. In our case we can identify

n n
1 1
S(z) = i logz; + lo —\z+—), 27
(z) ;yt gZi gl-Zl:Z(l Zi) (27)
and we can define

n
o =" (28)

k=1

so that Eq. (23) assumes the form
1

ZW = fF@exp[mS(@)]dz, (29)
{lz|=1}"cCr
similar to Eq. (24). We can identify the critical points as 3> = 0, leading to the expression
20k — =
V= — <0k Vk=1,...,n. (30)

Yo (ZOi + %)

This result defines only implicitly the critical point zg, since it cannot be solved in closed form for obtaining
its actual value. Anyway, we can follow the above procedure to deform the paths on the complex planes in
order to fulfil the conditions of the multivariate saddle point method. The asymptotic representation can be
eventually obtained in the form

12

2 \"/? _
ZE(y) ~ (;”) exp [mS(zo)] f*(z0) {det [—S" (z0)]} 31)

Since we are interested in the thermodynamic limit of the Helmholtz force—extension relation, we substitute
Eq. (31) in Eq. (22), thus obtaining

ZW N, S W)
W= Zl O z§1°gf+<z()<y»e“ .
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Fig. 2 Normalized force n versus normalized extension y for the uni-axial stretching of one-dimensional, two-dimensional and
three-dimensional systems under both isotensional and isometric conditions (Gibbs and Helmholtz ensembles, respectively).
While the Gibbs curves are independent of the number m of elements of the chain, for the Helmholtz curves we adopted m = 80

where z((y) is implicitly defined through Eq. (30). Now, we find from Eq. (28) that £~ (zo(y))/f T (zo(y)) =
z0i (y) ™2 and, therefore, the force—extension relation for large values of m is given by

1 n 1 n
) =~ 2 ,Zlog T i ;jlog[z(n ¥)le;. (33)

=1

It means that within the Helmholtz ensemble, for large values of m, each component of the normalized force
can be written in terms of the normalized extension as (ng) = — log[zox (¥)] where zox (y) is defined through
Eq. (30). Since Eq. (30) gives the explicit form of y as function of z, it is more advisable to consider the
inverse force—extension relation given by zor(y) = exp(— (nr)). Now, the latter expression can be substituted
in Eq. (30) to give

lim y = 2%1 sinh (n;) e; ’
m—>00 > iy cosh (n;)

which exactly corresponds to Eq. (21), describing the response within the isotensional ensemble. Hence, we
proved the ensemble equivalence in the thermodynamic limit. The correspondence of the force—extension
responses under Gibbs and Helmholtz ensembles also justifies a posteriori the introduction of the finite dif-
ference in place of the partial derivative in Eq. (17). The ensembles equivalence, here obtained for polymer
lattice model, is in perfect agreement with the properties of continuous polymer models, as described in recent
literature [20,21,26,27,29].

We presented here a general proof of the ensembles equivalence in the thermodynamic limit, which is valid
for any dimension of the space embedding the stochastic process. However, for the particular cases of one-
dimensional and two-dimensional spaces, the equivalence can be proved by means of a very simpler method,
as described in “Appendices A and B”, respectively. Indeed, in these specific cases the Helmholtz partition
function can be written in closed form through simple expressions, see Egs. (61) and (73), which allows for the
natural extension to real arguments, thus enabling the use of Eq. (16) for determining the force—extension curve
(see “Appendices A and B” for details). For three-dimensional (or higher-dimensional) systems this simplified
procedure cannot be applied, and we necessarily have to follow the general method introduced in the present
section. This point is further explained in “Appendix C”, where the three-dimensional case is thoroughly
analysed. In particular, a closed form expression for the Helmholtz partition function is here obtained for
n = 3, see Eq. (87), and the impossibility to extend it to real arguments is discussed in detail. In Fig. 2
we compare the force—extension responses for the uni-axial stretching of one-dimensional, two-dimensional
and three-dimensional systems (as obtained in “Appendices A, B and C”). For each dimensionality we show
both the Gibbs and the Helmholtz response (for m = 80). The difference between isotensional and isometric
behaviours can be appreciated when we are far from the thermodynamic limit. The knowledge of the analytical

(34)
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Fig. 3 Normalized force n versus normalized extension y for the uni-axial stretching applied to a three-dimensional system
under Gibbs isotensional conditions and Helmholtz isometric ones with several chain lengths. We used 20 integer values m =
5,6,7,9,11, 13, 15, 18, 22,27, 32, 39, 46, 56, 67, 81,97, 117, 141, 170, distributed in geometric progression. The convergence
of the curves towards the Gibbs response represents the ensembles equivalence in the thermodynamic limit

solution for the case with n = 3, as discussed in “Appendix C”, allows us to draw a comparison between the
Gibbs response given in Eq. (80) and the Helmholtz one stated in Egs. (88) and (89), as shown in Fig. 3. Here,
we observe the convergence of the force—extension curves for large values of m, coherently with the ensembles
equivalence in the thermodynamic limit.

6 Bistability in polymer lattice models

In this section we generalize the concepts of Gibbs ensemble, Helmholtz ensemble and thermodynamic limit
for polymers that may undergo conformational transitions described by a bistable behaviour. In other word,
the segments defining the polymer structure may assume two different lengths, namely ¢ and x ¢, where x is
an integer (being the polymer always confined on a lattice). The two configurations of each units correspond
to different energetic contribution entering the total Hamiltonian of the system. In particular, the folded state
(Iength ¢) is associated with the energy gr and the unfolded one (length yx ¢) with the energy g, > gr. Since
the unfolding is energetically unfavourable, the transition from unfolded to folded state can be promoted by
an applied force (isotensional conditions) or a prescribed stretching (isometric conditions). This approach
is useful to model the folding and unfolding of polymer chains, including those of biological origin. This
point is particularly important since the recent introduction of several single-molecule force spectroscopy
techniques has allowed the direct measuring of the elastic response of individual molecules, thus investigating
the statistical mechanics of small systems.

We remark that in our model we assumed to have a single rigid segment after the unfolding process. Of
course, this is an approximation, which do not correspond to the reality of several macromolecules. A more
refined model should consider unfolded elements acting as a flexible sub-chain composed of x segments
of length ¢. However, the unfolding events occur when the macromolecular chain is sufficiently stretched
and, therefore, the system is quite aligned to the direction of the applied stretching. So, in this condition
the approximation introduced is not too severe. Anyway, from the statistical mechanics point of view, the
generalization with flexible unfolded units is interesting and will be considered in a future investigation.

6.1 The Gibbs ensemble for bistable systems

We consider a polymer with m bistable segments randomly arranged on the Z" lattice, each of length £ or x £.
As before, the positions of the elements are X1, .. ., X, and the Hamiltonian of the system is now given by

H =ntgr +nugu —f - Xp. (35
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where ny is the number of folded units, n, is the number of unfolded ones and f is the applied force. Each

segment of the lattice polymer is represented by a vector £o;Vi = 1, ..., m, where the vectors o; assume
their values from the set ® = {* ey, £ xer,k=1,...,n} = O U ®y. Here, Oy = {L£e,k=1,...,n}
and ®y = {£ xex,k =1,...,n}. Moreover, X is the sequence (61, ...,0,) € ™. Of course, we have
Xm = €Y i~ 0;. The canonical distribution within the Gibbs ensemble is then given by
1 nege + nugu L <
Pg(XY)= ——e — e f- o; |, 36
6(5) = Z— xp( T x| Zl ; (36)

where the partition function Zg can be defined as follows

negr +n L -
Zg() = Z exp (—%) exp (kB_Tf . Zai)

Yes2
g\ v efi g\ v xtfi ]

=2m - h( = — ot h( 22 ) 37

|:exp< kBT);cos (kBT)+exp( kBT);cos (kBT 37

The constitutive equation of the system can be obtained through Eq. (13), and we eventually get
2o |:e1<BT sinh (%) + x sinh (%)] e
A A .
> |:ekBT cosh (é—@) + cosh (%)]

where A = g, — gr is the energy jump between the folded and unfolded configurations.

It is interesting to note that a similar expression has been recently obtained for a different one-dimensional
model composed of a chain of continuous elements (not disposed on a lattice) with mechanical bistability, i.e.
with a multi-basin energy landscape [34]. The model was solved by the introduction of a set of spin variables,
able to identify the basin explored by each element of the chain. For large effective mechanical stiffness of
the wells, the behaviour of this model is identical to the lattice system here introduced. It is also important
to remark that this behaviour, characterized by a plateau force in the force—extension response, is typical of
several polymer structures of biological origin. For example, the plateau-like response has been observed for
double-stranded DNA [53,54] and it has been studied through thermodynamic approaches [55,56] and by
other statistical analyses, leading to the melting interpretation of the transition [57] or to the explanation of the
transition through a new structure named stretched-DNA, or S-DNA [58]. The plateau-like response has been
also observed for long polysaccharides, such as dextran [28,59], and conveniently interpreted by means of a
continuous two-state model [60].

Some examples of force—extension responses generated by Eq. (38) are represented in Fig. 4. Here, we
considered the behaviour of the system with n = 1 under stretching and we plotted the normalized force

ft (o)

= ggT Versus the normalized extension y = <. While in Fig. 4a we fixed the elongation factor x and we

(Xp) = mt (38)

varied the normalized energy jump kBAT, in Fig. 4b we fixed kBAT and we varied x. In all cases, we observe

a force plateau corresponding to f* = ﬁ or, equivalently, kf}% = (x—lﬁ (normalized quantity). The
interpretation of this behaviour is based on a cooperative process inducing the simultaneous transition of all
elements of the chain at the same value of force f*. The value of the threshold force f* can be explained as
follows. If we consider one element of the chain under the application of the force f, we have the two possible
potential energies Uy = gr — f£€ and Uy, = gy — f x¥, corresponding to the folded and unfolded states,
respectively. Hence, the unfolded configuration is more stable of the folded one if and only if U,, < Uy that is
to say f < ﬁ, as observed in Fig. 4. Notably, the value of the plateau force inducing the conformation
transition does not depend on the temperature. Such a result is readily interpreted in the framework of the
Bell expression, originally derived in the context of the adhesion of cells [61]. Moreover, the threshold force
characterizing the cooperative transition is in perfect agreement with some other continuous models, recently
introduced in literature [29,34].

To conclude, we show in Fig. 5 the effect of the dimensionality on the force—extension response under
the Gibbs conditions. We can affirm that the plateau force observed in the n—y curve, and above discussed,
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Fig. 4 Normalized force n versus normalized extension y for the stretching of a one-dimensional system (n = 1) with conforma-
tional transitions and within the Gibbs ensemble. While in a we fixed the elongation factor x = 4 and we varied the normalized
energy jump kBAT = 5,10, 15, 20, 25, in b we fixed kBAT = 20 and we varied x = 2,3, 4,5, 6. In any case, we can observe a
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Fig. 5 Effect of the system dimensionality on the Gibbs response of systems with conformational transitions. The normalized
force n is shown versus the normalized extension y for describing the stretching of systems with n = 1,2, 3. We fixed the
elongation factor x = 3 and the normalized energy jump kBAT = 20. In any case, we can observe that the plateau force at

*
n* = ,f;—f = ﬁ is independent of the system dimensionality
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is independent of the dimensionality of the system, being only the slope of the first part of the curve affected
by n. This is coherent with Fig. 2, showing the force—extension curve for systems without conformational
transitions.

6.2 The Helmholtz ensemble for bistable systems

In order to correctly define the Helmholtz partition function for systems with conformational transitions, we
have to better analyse the random paths on the Z" lattice characterized by two type of steps (bistability).
Hence, we consider one standard step with extension 1 and one elongated step with extension x € N. The
probability of having a standard step is pr, and the probability of having an elongated step is p,. Of course, these
probabilities are proportional to the Boltzmann weights calculated with the folding and unfolding energies g¢
and g, respectively. It means that py = o exp —ki—fT) and py, = aexp(— kgB“T). Since we have to respect the
obvious relation 2nps + 2np, = 1, we can obtain the value of « and the explicit form for the folding and
unfolding probabilities is given by

1o () 1 1
=—— 2 and py=~—————, (39
211 4+ exp (kBAT) 2n 1 4+ exp (,q%)

where, as before, A = g, — g¢. We remark that if A — oo we obtain pf — 1/(2n) and p, — 0, which
corresponds to the case without conformational transitions (see Sect. 2). The equation governing the dynamics
of the probabilities P, (x) for the random path on the Z" lattice can be now written in the following form

Pt

Pui1(X) = pr Y [Pn(x =€)+ Pu(x+e€)]+ pu Y [Pu(x— xei) + Pu(x+ xe)l, (40)

i=1 i=1

which represents a simple generalization of Eq. (1). We can perform the same calculations developed in Sect. 2.
We define the generating function exactly as in Eq. (2), and we find its evolution equation

ZP(%,2) — 2Po(X) = pr Y [P(x — €, 2) + P(x+ &, 2]+ pu y_ [P(x— xei,2) + P(x+ xe;, )],
i=1 i=1
(41)

which is a generalization of Eq. (3). By adopting the same method described in Sect. 2, we eventually obtain
the solution

Px,z) = (42)

1 + +7 eik»xdk
Qm)r /_,, ) 1 =2prz T Y coski — 2puz=! Yor_, cos xki
corresponding to the initial condition Py(x) = &(x). This expression represents a generalized form of the

lattice Green function. From this solution, by means of the property stated in Eq. (6), we get the occupation
probability

2m—n

n n m
+ 4+
P,(x) = g / / glkx |:pf E cosk; + pu E cosxkl-:| dk. (43)
- - i=1 i=1

This result represents the probability of arriving in x at step m for a random path with bistable segments.
As already introduced in Sect. 6.1, each segment of the lattice polymer is represented by a vector £o;Vi =

1, ..., m, where the vectors o; assume their values fromtheset ® = {£e;, = xer,k =1,...,n} = OrUBO,.
Here, ®f = {£ e,k =1,...,n}and ®y = {+ xex,k =1, ..., n}. Besides, we define £2 as the space of all
the possible sequences of segments, 2 = {(o1,...,0,,) € ®"}. In the Helmholtz or isometric ensemble,

both the end-terminals of the polymer chain are tethered, the first at 0 and second at x € Z" (corresponding to
the physical value x,, = ¢x). Hence, we define §2( as the space of all the sequences respecting the Helmholtz

constraints, 29 = {(01, e, Op) €EO™ Z’J”:l o= X}, i.e. arriving in x at step m. Within the Helmholtz
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ensemble, the Hamiltonian of the polymer chain is simply given by the sum of the folding and unfolding
energies, namely

H = ngge + nugu. (44)
If we consider the space £2, the probability of obtaining a given sequence X' = (o1, ..., 0,) is defined
as
H
e (~57) M
Pr(X) = — 7 where ZF = Z exp (——) . 45)
Zr Ten ksT

Here, the subscript F stands for free since we have no constraints on the chain configuration.
On the other hand, if we consider the space 2, the probability of obtaining a given sequence X =
(01,...,0,) (with Z;-"zl 0 j = x) is defined as

H
exp (— =%
Py(X) = % where Zyx(x) = Z exp <_k]3iT) . (46)

Yes2

Here, the subscript H stands for Helmholtz and we have the above-discussed constraint on the chain configu-
ration (prescribed extension). We observe that the domains of definition of Pr and Py are different (being 2
and £29, respectively) and, therefore, the numerical values of Zg and Zy are different.

Now, we have to investigate the relation between P,,(x) and the Helmholtz partition function Zg(x). The
probability to be in x at step m is exactly the sum of all probabilities pertaining to all chains starting at 0 and
arriving at x. It means that

Pn(x)= Y Pr(Y). (47)

Y e

Now, it is not difficult to draw an important conclusion

o Yz
Pu®) = - E;Oexp( kBT)_ e, 48)

where we used Egs. (45) and (46). Hence, we obtain Zy(x) = Zg P, (X) and since Zgp = Zg(0), see Eq. (37),
we finally get the expression

Zu(x) = Z6(0) Py (xX) = (2n)" [exp (—ki—fT) +exp (— k‘:})} P (x). (49)

To conclude, this expression represents the partition function for a bistable polymer chain within the Helmholtz
or isometric ensemble, where P,,(x) is given in Eq. (43). We remark that if g, — oo and gr — 0 we lose the
bistability and Eq. (49) reduces to Eq. (8), as expected. Of course, the force—extension relation for bistable
systems within the Helmholtz ensemble is described again by Eq. (17).

We specialize now this result to the case of one-dimensional systems, i.e. to n = 1. Hence, Eq. (43)
simplifies delivering

2" t ikx m
P,(x) = > e [prcosk + pycos xk]" dk
—TT

1O (N (m— +r
_ - h _m—h ik(x—hx+2px—m-+h+2t)
~w 22 X ()" e e a
-

h=0 p=0 t=0

m h m—h m h m—h
=222(h)(p)( . )pﬁp?"’S(x—thrsz—m+h+2r), (50)

h=0 p=0 1=0
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Fig. 6 Comparison between Gibbs and Helmholtz responses for the stretching of a one-dimensional system (n = 1) with

conformational transitions. The normalized force 7 is represented versus the normalized extension y for x = 4 and kBAT = 20.

We also used m = 10 in (a) and m = 20 in (b). While the Gibbs curve shows the cooperative or simultaneous unfolding of the
elements, the Helmholtz one describes the non-cooperative or sequential unfolding of the chain units

where 6(j) represents the discrete delta function, i.e. §(0) = 1 and 6(j) = 0 if j # 0. The Helmholtz
constitutive equation in terms of the normalized force (n) = B>T and extension y = fﬁ finally reads as
follows

=
o~

>~

iy = Liog Zie0 Yo Xorsg (MG PEpE TS (my — 1= hx +2px — m + 1 +21)
n = 5108 m m—h (m m— m— ’
2 e Yo i GG (T PP TS my + 1 = hx +2px —m o+ +20)

and it may be compared with its Gibbs counterpart given in Eq. (38) (for n = 1). This is done in Fig. 6, where
we may observe that the Helmholtz response is characterized by a non-cooperative or sequential unfolding of
the chain elements. It means that the elements unfold progressively in response to the increasing extension.
This peculiar behaviour is perfectly consistent with a wide and consolidated knowledge, based on continuous
models and single-molecule experiments [28,59,62,63]. It is therefore important to have established that this
behaviour can be also described by polymer lattice models.

In Fig. 6 we observe that the last points of the curves correspond to a negative force. This is a specific
behaviour induced by the fact that we represented the response for the one-dimensional case and for small
values of m. For n = 1, the idea of a polymer as a random coil is degenerated to a simple distribution of
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segments on one axis with prescribed total length. The last points with negative force correspond to a situation
where quite all the domains are unfolded and aligned and the few domains not yet unfolded try to unfold in
response to the increasing extension. Since the lengths ¢ and y € are fixed, is not difficult to imagine a pushing
force (negative) applied to the device instead of a pulling one (positive). Of course, this apparently paradoxical
behaviour disappears for larger m and, more importantly, for n = 2 or 3 where the exploration of the phase
space is more pertinent to polymer models.

In the literature, some continuous theories have been developed to explain the sawtooth-like response
observed in several experiments. A statistical mechanics theory has been introduced through a suitable free
energy, eventually yielding a series of first-order phase transitions in correspondence to the unfolding processes
[32,33]. The minimization of the total energy of a two-state system is in good agreement with the sawtooth
pattern observed in titin experiments [64]. Besides, the mechanical unfolding of proteins has been studied
through the Ising model [65]. Finally, an exhaustive understanding of chain behaviours driven by hard or soft
devices has been achieved by analysing discrete systems with folding/unfolding units [35,66—68], Fermi-Pasta-
Ulam chains of bistable elements [69], and structures undergoing discrete phase transformations [36,70,71].

A final comment concerns the plots shown in Fig. 6. As one can see, the Helmholtz curves are limited
to a given region of extension and they do not arrive at the maximum extension x,, = mx{ or, equivalently,
y = x (normalized quantity). This issue is related to the reachability problem concerning the paths on a lattice.
Indeed, if we consider a path starting from the origin of the axes, composed of a fixed number of steps m, and
able to make only specific moves, we have that only a subset of the lattice points are reachable and, therefore,
the subset of unreachable points is non-empty. This is true for the polymers without conformational transition
with moves within the set {£ ex, k = 1, ..., n}, as evident in Fig. 3, and also for polymers with conformational
transitions with moves within {+ ey, £ xex, k = 1, ..., n}, as shown in Fig. 6. This is an intrinsic limitation
of the Helmholtz conditions for polymers on a lattice, which, however, do not limit the applicability and the
physical interpretation of the force—extension responses.

6.3 The ensemble equivalence for bistable systems

We are now interested in comparing the force—extension relations obtained under isotensional and isometric
conditions for a large number of elements of the chain. To do this, it is better to introduce normalized quantities
for forces and extensions. Since x € Z" and x,,, = ¢x € N, we define the normalized length y = x,,,/(m?).

On the other hand, we define the normalized force through the relation n = kf;_fT‘ So doing, the force—extension
relation within the Gibbs ensemble given in Eq. (38) assumes the simpler form

A
> i [ekBT sinh (1;) + x sinh (xm)} e;

(y) = (52)

A
Y [ekBT cosh (77;) + cosh (xm)}
On the other hand, the constitutive equation within the Helmholtz ensembles given in Eq. (17) combined with
Eq. (49) reads

n

1 Z~
=5 Z;log D, 53)

ZH(y)

where Z¥(y) and Z~ (y) are given by

+7 +7 n n
Zi(y)zf / exp{m |:ik-y+log (prcoski—Fpchosxki)jHexp(:i:ik-e,-)dk.
—7T —7T

i=1 i=1
(54)

Now, following the procedure introduced in Sect. 5, we change the variables of integration according to
z; = exp(ik;). We eventually obtain

ZE(y) = L f (@) exp[mS(2)]dz, (55)
{lz|=1}"cC"

l'l’l
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Fig. 7 Normalized force n versus normalized extension y for the stretching of a one-dimensional system (n = 1) with confor-

mational transitions. We plotted both the Gibbs response and the Helmholtz one for m = 4, ..., 10 with xy = 4 and kBAT = 20.

The plot represents a zoom in the region of the first force peak to show the force reduction with increasing m, corresponding to
the convergence to the thermodynamic limit

where

n n 1 n 1
S@ = yilogz +log [Z%<Z"+Z>+Z%(Z"X+_Xﬂ’ (56)

im1 i—1 i—1 <

and

fFo="]a" (57)

k=1

As before, we can apply the multivariate saddle point method. We begin by determining the critical point z
of S(z). We elaborate the equation % = 0, delivering

Pt (Zok - ﬁ) + PuX (zgk - %)

)’k=_ Vk:l,...,n, (58)
>ii Pt (ZOi + %) + 21 Pu (Z())(i + >

e
20i

which gives y as function of zy. In order to apply the multivariate saddle point method, we have to modify
the contours on the complex planes in such a way that they pass through zg. The direction of the contours
at z is fixed by imposing that e {S(z)} has a maximum point and, at the same time Im {S(z)} is constant.
Hence, the conditions of validity of the saddle point method are satisfied and Eq. (25) can be used. So, by
using Eq. (53) for large values of m, we have (i) = — log[zox (y)], Where zox (y) is defined through Eq. (58).
The latter expression is equivalent to zox(y) = exp(— (nx)), which can be substituted in Eq. (58) to give the
force—extension relation for m — 0o

&% sinh ((nx)) + x sinh (x (i)
Yo [e"BAT cosh ((n;)) + cosh (x (m))}

Yk = (59

This result is coincident with Eq. (52), thus proving the equivalence of the ensembles in the thermodynamic
limit also in the case of bistable systems.

From the point of view of the force—extension curve, the convergence to the thermodynamic limit can be
realized by observing that the height of the characteristic force peaks in the Helmholtz response is a decreasing



476 S. Giordano

21
—4—first peak
20 ——second peak|
« —s=—third peak
T 191 —+—fourth peak
1} )
Q —+—fifth peak
D —o— sixth peak
2 18}
RS
3
g
B 16 + >
c 3
A k
15 kT
n= 3
14 1 1 1 1 1
5 10 15 20 25 30
m

Fig. 8 Normalized force 1, corresponding to the first six peaks of the force—extension response, versus the number of elements of
the chainm = 4, ..., 30 (triangles: first peak, diamonds: second peak, squares: third peak, pentagrams: fourth peak, hexagrams:

fifth peak, and circles: sixth peak). We considered a one-dimensional system (n = 1) with x = 4 and ,(BAT = 20. The force peaks
decreasing with m quantitatively describes the convergence to the thermodynamic limit

function of the number m of elements of the chain. So doing, the Helmholtz force—extension response can reach
the continuous and monotone shape of the Gibbs response for large values of m. This can be seen in Fig. 7,
where one can find the force—extension behaviour zoomed in the region of the first force peak of the Helmholtz
curves (form = 4, ..., 10) and compared with the corresponding Gibbs curve. The shift of the peak position
explains the force reduction, going towards the thermodynamic limit. This trend is further confirmed in Fig. 8,
where the height of the first six peaks of the force—extension response is represented versus the chain length m,
numerically demonstrating the convergence to the thermodynamic limit, as previously proved theoretically.

7 Conclusions

We studied the force—extension response of lattice polymer models within the Gibbs (isotensional) and the
Helmbholtz (isometric) ensembles. By means of an exact representation of the Helmholtz partition function with
alattice Green function, and through its asymptotic development obtained through the multivariate saddle point
method, we proved the equivalence of the ensembles in the thermodynamic limit, i.e. for very long, ideally
infinite, chains. The possible deviation in the force—extension curves, for different ensembles, observable for
rather short chain is a typical effect of the thermodynamic and of the statistical mechanics of small systems.
These effects are important today not only from the theoretical point of view, but also from the experimental
one, due to the recently introduced force spectroscopy techniques, which are able to probe the elasticity
at molecular level. These concepts become even more meaningful when we consider polymers undergoing
conformational transitions, i.e. composed of elements with two states, folded and unfolded. As a matter of fact,
most of macromolecules of biological origin (proteins, nucleic acids and so on) tested with force spectroscopy
techniques have shown this behaviour. Therefore, we studied the isotensional and isometric responses of
bistable or two-state lattice systems and we proved that the corresponding force—extension curves exhibit a
plateau-like shape for the Gibbs ensemble and a sawtooth-like pattern for the Helmholtz one, as predicted
by experiments. We finally rigorously proved that the ensembles equivalence in the thermodynamic limit is
also valid for system with conformational transitions. We established that the lattice polymer models are able
to reproduce all the peculiar features of the folding/unfolding process induced by mechanical stretching. To
conclude, the models of folding/unfolding processes here presented can be also used to describe other situations
with discrete phase transformations such as macromolecular hairpins, adhesive clusters, ferromagnetic alloys,
indented substrates and plastic materials.
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Appendix A: The one-dimensional case

If we take into consideration a one-dimensional system (without conformational transitions), the force—
extension Gibbs response is simply given by

(xm) = £m tanh (é—?) , (60)
as directly follows from Eq. (14) with n = 1. The Helmholtz response in this simple case can be directly
analysed, as presented below. We have 0; = £1 Vi = 1, ..., m with the constraint Zi-":l o =x € Z. We
have a total of 2™ trajectories, and we need the number of trajectories satisfying the Helmholtz constraint. The
total number of paths can be decomposed as 2" = > " ('}:), where (rg) represents the number of paths with &
times 0; = +1 and m —k times o; = —1. Now, we can write the Helmholtz condition as Z;"zl o =x=a—>b,
where a is the number of 0; = +1 and b is the number of 0; = —1. From the equations a + b = m and
a — b = x, we easily obtaina = (m + x)/2 and b = (m — x)/2. It follows that ('Z) represents the number of
paths with a times o; = +1, i.e. the number of path arriving at x. The partition function is therefore given by

zm—(m)—(m)——m! ©1)
T ) ) T ) ()

where x = x;,,/{, being x,, the physical extension of the chain. Of course, Eq. (61) perfectly agrees with
Eq. (8) with n = 1. In this simple case the force—extension response can be directly calculated by means of
Eq. (16) since the partition function in Eq. (61) can be extended to real values of x by means of the gamma
function. Indeed, we have

(62)

3 9 I'(m+1)
( ) = —kBT—IO ZH(X ) = —kBT—IO
/ T xm gr(%+§—'g+1)r(%—’;—;z+1)
The derivative of the gamma function can be calculated through the definition of the digamma function
Y(x) = % log I (x). We eventually get
kgT m  Xp m . Xp
Sl () v (55 )]
W 2¢ [¢<2+2€+ v 2 2€+

Since the digamma function has the asymptotic representation ¥ (x) =~ log(x) for x — oo, and y = x,,, /(m{)
is the normalized extension, the thermodynamic limit of the Helmholtz response reads

fe 1. 5+5+1 1 1+y
—— )~ —log =—*—— ~ —log —= = artanh(y).
<kBT 20g%_%+1 2 %1, artanh(y)

It follows that, for m — o0, we can write for the Helmholtz response y = tanh (<k£_ZT>>’ which is perfectly
coherent with the Gibbs response introduced in Eq. (60).

Appendix B: The two-dimensional case

Concerning the two-dimensional case, the Gibbs force—extension response of a system without conformational
transitions is given by Eq. (21), with n = 2. The two components of this equation can be explicitly written as

(y1) (cosh 11 + cosh 172) = sinh 7y, (63)
(y2) (coshn; + cosh np) = sinh 1y, (64)

where we used the normalized forces and extensions. We easily obtain (y;) / (y2) = sinhnl/sinh#n, and

therefore we have that cosh n, = \/1 + ({y2) / {y1))?sinh? 5. So doing, Eq. (63) gives an equation for 71,
which solution can be found as

2(y1)

. 65
1+ ()% = (n)? ©)

11 = artanh
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A similar calculation (or a permutation of the indices) leads to the second component of the normalized force

2(y2)
1+ ()2 = (y)?

We now study the Helmholtz ensemble, and we show that we obtain the same behaviour in the thermodynamic
limit. For two-dimensional system, we describe two techniques to determine the Helmholtz partition function,
i.e. the number of paths going from (0, 0) to (x1, x2) € Z2.

To introduce the first technique, we observe that a sequence of segments X of the Z? lattice can be written
as(o1,...,0,) witho; € {£ e, =e;}. So, we have a total number of paths equal to 4™ starting from (0, 0).
By making use of the multinomial expansion rule, this total number of paths can be decomposed as

r- 3 m (67)

ni!'prno!’
prni+patny=m P1UTHP2I:

12 = artanh (66)

where p1'+1;z'nz' is the number of paths with p; times e, n| times —e, py times e, and n; times —e>. Now
we search the number of paths going from (0, 0) to (x1, x2). Then, we have

p1—ny = Xy, (68)
p2 —ny = X3, (69)
pr+ni+pr+ny=m=2n;+n)+xi+x, (70)

where p; is the number of e[, n; is the number of —ej, p; is the number of e;, and n; is the number of —e;.
Therefore, we can affirm that the number of paths between (0, 0) to (x1, x2), composed of m segments, is

given by
m!
Z nil(ny + x)!n2!(n2 + x2)!

m—x|—xp
2

Zy(x1, x2)
ni+ny=

m—x|—xp

m!
= 2 nil(ny 4+ xp)! (222 ) (2R )

n1=0
m_le_xz m—Xx;—Xx m—x)—X
= (mgn) 2 ) (T (71)
mflefxz nl l’ll + X]
n1=0
If now we use the property
Xn: (n) (n—i—a) _ <2n—|—a> (72)
= k)\k+p n+p
we obtain the simple result
m m
Zu(x1, x2) = (m_xl_X2> <m+x1—xz>' (73)
2 2

It is not difficult to prove that Eq. (73) perfectly corresponds to Eq. (8) with n = 2.
The same result can be obtained with the following alternative, more elegant, method. We define a biunivocal
correspondence between one two-dimensional path and a couple of one-dimensional paths, as follows

2D path < (first 1D path) + (second 1D path)

T (p2)
— (p1) (74)

<~ (ny)

1
4
\
!

— -5 o« -

I (n2)
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This rule can be summed up by saying that the vertical segments remain unchanged to generate both the
one-dimensional paths, whereas the horizontal ones must be modified as follows: in the first one-dimensional
path rightward arrows become upward and leftward ones become downward; on the other hand, in the second
one-dimensional path rightward arrows become downward and leftward ones become upward. It is clear that
this rule defines a bijection between the space of the two-dimensional paths and the space of the couples of
one-dimensional paths (all composed by m segments). Now, the two-dimensional paths start at (0, 0) and
arrive at (x1, x2). It means that p) — np, = x» and p; — n; = x;. Hence, the first associated one-dimensional
path starts at O and arrives at pp + p; — n1 — na = x1 + x2 and the second associated one-dimensional path
starts at 0 and arrives at p> +ny; — p; — n2> = x1 — x2. We can use Eq. (61) of “Appendix A” to affirm that
the total number of 1D path of the first type is (-1, ) and the total number of 1D paths of the second type
2

is (me 7x2). Since we introduced a biunivocal correspondence, the total number of 2D paths is exactly the
2

product of the above-obtained quantities (m—v)-x, ) and (m++)-, ), finally confirming Eq. (73).
2 2

The Helmholtz response can be calculated through Eq. (16) since the partition function in Eq. (73), as in
“Appendix A”, can be extended to real values of x; and x; by means of the gamma function. By using the
identities x,,1 = £x; and x,,» = £x», we have

kT 9
B 0Xm1

(f1)

log Zu(Xm1, Xm2)

—kgT log ( D
B X X
0Xm1 ['(_’7l+_rn|+LM+1)[‘(_’71_LM__M+1)

F'm+1)
X
rz+3t -3 +1)r(3—3t+32+1)
kgT m . Xpml | Xm2 m. Xl Xm2
G- ()
20 [w(2+2ﬁ+2£+ v 2 20 2£+
m Xm1 Xm2 m Xml Xm?2
— o 1)— <——— e 1)] 75
+¢,<2+22 2£+ v 2 2E+2Z+ (75

In terms of normalized force and extension, we finally get

<m>=%[w<%+%+%+1)—w<%_%_%+l)

m  myj my» m  myj myz
S+ B2 ) oy (-T2 4] 76
+w(2+2 5t V(-5 +t5 + (76)

Since ¥ (x) =~ log(x) for x — oo, we obtain the asymptotic representation

1 A+y1+y2)A+y1 —y)
(m) = zlog ,
2 I =y1=y2)A =y +y)

in the limit of m — oo. If we finally consider the equation

A+ y1 +y2)(d+y1 —y2) _ 1+r
A=yi—y)Ud=yi+y) 1-7r

2
we obtain that r = % and, therefore, we have the result
11— 2
| R 2y?
(n) = <= log = artanhr = artanh%,
2 1—r I+ yi —y;

which is in perfect agreement with Eq. (65). The same result can be easily proved for (7).
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Appendix C: The three-dimensional case

For the three-dimensional case, the Gibbs force—extension response is given by Eq. (21), with n = 3. The three
components of this equation can be explicitly written as follows

(y1) (cosh 1 4 cosh 1y + cosh n3) = sinh 5y, 77
(y2) (cosh 1 4 cosh ny + cosh n3) = sinh 12, (78)
(y3) (cosh n1 4 cosh ny + cosh 13) = sinh 3. (79)

In this case the generalized force 5 cannot be explicitly written in terms of the generalized extension (y).
However, if we consider n; = 1, = 0 and 13 £  # 0 (uni-axial stretching), we have that (y;) = (y2) =0
and (y3) £ (y) # 0. In these conditions, by means of a long but straightforward calculation, we get

2<y>+<y>¢1+3<y>2+\/1+3<y>2+4<y>2¢1+3<y>2+4<y>4

1— (y)?

n = log (80)

To analyse the Helmholtz ensemble, we remark that a sequence of segments X of the Z> lattice can be
writtenas (01, ...,0,) witha; € {+-e|, e), £ e3}. So, we have a total number of paths equal to 6™ starting
from (0, 0). By making use of the multinomial expansion rule, this total number of paths can be decomposed
as

m!
6" = , 81
Z piini!palng!psing! D

p1t+ni+p2tna+p3t+nz=m

where WM is the number of paths with p; times e, n| times —ej, p; times e>, ny times —ej, p3
times e3, and n3 times —e3. Now we search the number of paths going from (0, 0, 0) to (x1, x2, x3). Then, we

have

p1—nyp =Xy, (82)
p2 —ny = x2, (83)
p3 —n3 = x3, (34)
p1+n+pr+ny+p3s+n3=m=2n;+ny+n3)+x1+x2+x3. (85)

Therefore, we can determine the number of paths between (0, 0, 0) to (x1, x2, x3), composed of m segments,
as follows

m!
Zu(xi, x2, x3) =
Zm_x e Nl x)nol(n2 + x2)n3l(n3 + x3)!

ny+nytnz=""—"1-72"13 2'2 3
M M-—n '

m!

=2 > . (80)

120 a0 ni!(ny +x)na!(ny +x)! (M —ny —np)! (M — ny — ny + x3)!

where we introduced M = "—15%2=%3 to simplify the notation. It is now possible to identify the binomial
coefficients to simplify the expression of the Helmholtz partition function

m MM M\ (M —ni\(M+x1+x24+x3\(M+x2+x3—nq
Zu(xy, x2, x3) = Z Z
M) = = \m ny ni +x ns + X

Mm—X|—Xxp—X3

m 2 m—Xj—X2—Xx3 m+x;+x2+x3 m— x| —2n
_ Z 2 2 87)
- — — — — + — £ (
<—m S x3> ( n )( ny+xi ><—m S —”1>

n1=0

where we used Eq. (72) to evaluate one of the two sums. Unfortunately, the last sum in Eq. (87) cannot be
calculated explicitly, leaving the final result in a more complicated form than that obtained forn = 1 orn = 2
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(see “Appendices A and B”). In any case, Eq. (87) can be proved to be in perfect agreement with the general
result stated in Eq. (8), applied with n = 3. When we consider a uni-axial stretching, as in Eq. (80), the
expression of the Helmholtz partition function, given in Eq. (87), can be simplified as follows

m—x

m o\ BN (PN (m = 2n
()BT
5 =0 n n 5 —n

where we considered x; = 0, x = 0 and x3 = x. The force—extension relation can be finally written in the
following form

1 V4 —1
() = L log H(my — 1)

—_ 89
2 7 Zy(my + 1) %)

and it can be compared with Eq. (80).

In “Appendices A and B” we have readily proved the equivalence of the ensembles for one- and two-
dimensional lattice polymers, since in this cases the Helmholtz partition functions can be extended to real values
of the arguments without difficulties, see Egs. (61) and (73), and the derivatives can be directly calculated. In the
three-dimensional case (or in spaces of higher dimension), this procedure cannot be followed in consideration
of the sum which appears in the partition function expression, see Eq. (87) or Eq. (88). Indeed, since the upper
limit of the sum depends on (x1, x2, x3) in Eq. (87) or on x in Eq. (88), it is not possible to extend the validity
of these expressions to real arguments and we cannot apply any differential operator. The conclusion is that
for proving the ensemble equivalence we must follow the general procedure introduced in the main text (see
Sect. 5). However, the Gibbs response given in Eq. (80) and the Helmholtz one stated in Egs. (88) and (89) are
useful to compare the two behaviours and to graphically observe the convergence towards the thermodynamic
limit, as shown in Fig. 3 of Sect. 5.
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